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Section 1. Introduction

Let X be the set of n x n matrices over a field k of characteristic 0. For a partition
u=(uy,u,,...,u)of n we denote by O (u) the set of nilpotent matrices in X with
Jordan blocks of sizesu,, .. ., u,. We are interested in equations of the closure of
O (u)in Xi.e. in the generators of the ideal of polynomial functions on X vanishing
on O(u). For u = (n), O(u) is the set of all nilpotent matrices and an old result of
Kostant proved in the fundamental paper [K] says that the equations are the
G L(n) - invariants in the coordinate ring of X (GL(n) acts on X by conjugation).
The problem of calculating the equations of O(u) in general was proposed by
DeConcini and Procesi in {D-P] where the authors calculated the generators of
ideals of schematic intersections O(u)~D (D is the set of diagonal matrices).
DeConcini and Procesi, Tanisaki [T] and Eisenbud and Saltman [E-S] proposed
different sets of generators of the ideals of O (u). It follows from our main result
that all their conjectures are true. Moreover, we construct minimal sets of
generators for the ideals of O (u).

We also calculate the generators of ideals of “rank varieties” introduced by
Eisenbud and Saltman in [E-S].

The method of proof comes from the techniques used to calculate the syzygies
of determinantal varieties ([L], [J-P-W], [P-W]). There is a canonical desingularis-
ation ¥, of O (u) which is a complete intersection in X' x GL(n)/P, for a suitable
parabolic subgroup P, of GL(n) (v denotes the conjugate partition of u). The
syzygies of Oy, over Oy gL myp, are given by the Koszul complex on the cotangent
bundle of GL(n)/P, . One uses Bott’s Theorem to calculate higher direct images of
the exterior powers of this bundle to find the generators of the ideals of O(u).

The paper is organized as follows. Section 2 contains preliminaries concerning
representation theory and the use of higher direct images to calculate syzygies. In
Sect. 3 we use Bott’s Theorem to construct complexes M*( +) giving (non-minimal)
resolutions of the ideals 3, of O (u). We also give a precise description of the 0-th

* Partially supported by NSF Grant



230 J. Weyman

and {-st term in M. Using this we recover the theorem of Kraft and Procesi [K-P]
that the varieties O(u) are normal. This proof of normality is shorter and
conceptually simpler than the original one. In Sect. 4 we identify the generators of
the ideals 3, as linear combinations of minors of various sizes, thus proving the
conjecture of Tanisaki. Section5 contains the description of minimal sets of
generators of 3,’s. Finally in Sect. 6 we apply our technique to obtain formulas for
the decomposition of the coordinate ring of O (u) into representations of GL (n).
This leads to nice inductive formulas for generalized exponents of Kostant. As a
consequence we get also the inductive formulas for Kostka-Foulkes polynomials.

Section 2. Preliminaries and notation

(2.0) Notation. We denote by E our basic vector space of dimension n. The space
Xisidentified with Hom (E, E) = E*® E, the space of endomorphisms 4: E— E.
The coordinate ring of X is the polynomial ring in the entries 4;;(1 <4, j<n). We
identify this ring with the symmetric algebra & (E*® E). For a given basis
(ey, .- -, e,)in Etheentry A;; becomes e} ® e;. We will use this identification freely
throughout the paper.

A partition of the natural number m is a non-increasing sequence
a={(a,,a,,...,a,) such that a,+ ... +a,=m We identify the partitions
(a,,...,ayand (a, ..., a,,0). We write |a| =m if a is a partition of m.

The conjugate partition to a is the partition a~ = (a7, ..., a,”) where

ay =*(ila; 2 ).

Letu=(uy, ..., n) be a partition of n. O(u) denotes the conjugacy class of
nilpotent matrices with Jordan blocks of sizes u,,...,u,. We denote by
v=(v,,...,v,) the dual partition to u. J, is the ideal of elements in & (E*® F)
vanishing on O (u). We denote by X, the Zariski closure of O (1). One should note
that if v=(v;,...,v,) then O(u) consists of such A: E—F that
dimKer4'=v, + ... +v,.

In [E-S] the authors introduced a more general notion of rank varieties. Let
v=(v(, ..., v,) be the partition of a number /, / < n. Then we consider the variety
of all A: E- E such that dimKerA'2v, + ... +v; for all .. We will denote this
variety also by X,. When / < n then X, contains non-nilpotent endomorphisms.
The methods of this paper are valid for those more general varieties. One should
note that for an arbitrary endomorphism 4: E — F there exists a partition v such
that dimKerA4'=v, + ... +v, forall i.

Let 7, J be two subsets of {1,2, ..., n} of cardinality i. We denote by (7, J) the
minor of 4 with the rows from 7 and columns from J.

The ring of GL(n) invariants in & (E*® F) is described by Chevalley’s
Theorem. It says that this ring is the polynomial ring in » variables ¢, {1 <i<»n)
where ¢; is homogeneous of degree i. More precisely #; as a function on X is the
coefficient of 7"/ in the characteristic polynomial P, (7). In terms of minors 7, is
the sum of principal i x / minors i.e.

L= Y 5,1).

Ic{1.,2.....n}, $I=i



The equations of conjugacy classes of nilpotent matrices 231

In Sect. 4 we will use the natural maps
4: N*PPES ANE®Q AYE
m: N*EQ ANYE— NYYE.

The map m is the exterior multiplication, 4 is the dual of exterior multiplication on
E* and is given by the following formula

Aley A ... Negp) =Y sgn(l]) e, Qe

where sgn(/,I') is the sign of the permutation ordering (/, 1), I’ denoting the
complement of 7.
We will call m the multiplication map and 4 the diagonal map.

(2.1) Geometric calculation of syzygies. The basic theorem in our approach
comes from Kempf’s method [Ke]. The exact result we need is a version of
Theorem from section 1 from [P-W].

Theorem. Let X' = X be a closed subvariety of the affine space X = A". Let
Y’ < X x V be a desingularisation of X' (V is some projective variety ). We assume
that the sheaves Oy, (i) for i = 0 have no higher cohomology. Let us assume that Y'isa
locally complete intersection in X X V and that there exists a vector bundle A~ on
X %V, induced from V., such that the locally free resolution of Cy. over Oy, is given
by the Koszul complex N A". Let & be the projection m: X x V — X,

Then there exists a sequence of free O y-modules

FO0->-FR-oF_,—>...oF>F->F —...

where F,=XR/r, (N'*IA") and such that the homology of T in positive degrees is
zero and H_(IF) = @7, Oy. . In particular if F,= 0 for i <0 then the normalisation
X' has rational singularities and if Fy= Oy then X' is normal.

Proof. The only thing we have to do is to construct the complex B** existence of
which one assumes in Sect.1 of [P-W]. We consider the dual complex
P** = (A A"y*. There exists a number s > 0 such that P**(s) consists of 0 regular
sheaves in the sense of Quillen ([Q], §8). We can thus construct the double complex
B*** whose t-th column is a canonical resolution of P*'. The term B*" is of the
form T}, ® O « y (— s —1). By dualizing we get the double complex B** whose terms
are T¥® Oy .y (s+1) so they are n,, — acyclic by our assumption on V. Double
complex B°' satisfies properties (3,3) of Theorem 1 in [P-W] because the
horizontal maps cover the map of degree 1 in coordinate functions on X so they
can be chosen to be of degree 1. One should also mention that in the case of
R'n, Oy =0 for i > 0 (which we are interested in) another B"" is just S - (4% > 2)
where 2 is the quotient 4V/.4" and S - (4" — 2) denotes the symmetric power of the
map AY-»2 (compare [A-B-W)).

(2.2) Flag varieties. In our application of the above theorem, V will be a flag
variety, so we fix here some notation concerning flags. For a partition v of a
number /, | £ n, we will denote by G/ P, the partial flag variety. Its typical pointis a
sequence of subspaces of E

OCRV‘CRV1+V2C "‘CRV1+V2+._.+V¢CE'
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The subscript of each subspace denotes its dimension. We will also use the symbol
R, to denote the tautological subbundle of dimension i on the flag variety. Q, _;
denotes the corresponding factorbundle. Thus on a flag variety we have
tautological exact sequences 0 > R,— E— (Q,_;—0. E denotes here the trivial
induced bundle.

(2.3) Representations of G = GL(n). Let G = GL(n) be the general linear group.
Let a={(a;,a,, ..., a,) be a dominant integral weight for G (this means that
a,2a,=...2a, and al a;/s are integers). We denote by S, 4, ..., E the
irreducible representation of G corresponding to a. Those representations can be
expressed in terms of Schur functors.

S,E=S,EQ(N"E)n

where o' denotes the partition (¢, —aq,, ..., a,-,—a,,0) and S, E denotes the
corresponding Schur functor.

The best reference for the representation theory is [Hu] and for the Schur
functors the reader could consult [MD] (Sect. A5; the Schur functors are called
there the irreducible polynomial functors) and [D-C]. If the sequence
(ay,a,, ..., a,) has repetitions then we use exponential notation, for example if
a=(3,3,1,1,1,—1) then we write a = (32,13, —1).

Sometimes we will distinguish the positive and negative parts of a. If
s=1(8,,8;,...,8,) and t=(t,,t,,...,t,) are two partitions then we denote by
(s, 0% \t) the weight (s;,...,s,, 0°, —t,,..., —t;). Of course here c+r+u=n.

Examples. The symmetric power S;E becomes in our notation S, n-1, E. The
exterior power A’E becomes S, on-, E, the exterior power A’E™* becomes
Ston-i, (-1 E- ) ) )

We will always use the dominant weight notation for the indexing of Schur
functors.

(2.4) Bott’s Theorem. For calculation of higher direct images we will use the
following version of Bott's Theorem.

Theorem. Let E be an n-dimensional vector bundle on ascheme X. Let G/P,(E) be
the relative grassmannian of r-subbundles of E, 0> R, —-E—>Q,_,—0 — the
tautological sequence on G/P.(E). Let us denote by n the natural projection 7:
G/P(E)—> X. Let a=(a,, ay,...,a,)and b={(b,,b,,..., b,_,) be two dominant
integral weights. Let c= (b, ..., by_,,a,,....,a)andg=mn—1,...,2,1,0). We
denote by W the permutation group on n letters and for we Ww - c=w(c+9) — 0.
Then either there exists weW, w=id such that w-c=c, and then
R*1, (S,R®S,0) =0, or there exists a unique w such that w - ¢ is dominant. We
denote the weight w - ¢ for this w by (b|a). In that case

R, (S,RQ S,0) = Sp0E  and R'm,(S,R®S,0)=0 for i+I(w).

Remark. In [J-P-W] the theorem is formulated only for positive g;, b; but the
generalisation follows directly from the definitions.
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(2.5) Cauchy’s Formulas. In our proof we will use two important formulas that
give the decomposition of the symmetric and exterior powers of £® Fin terms of
Schur functors.

SJAE®F)= Y S,EQS,F,

laj=m

AME®F)= Y S,E®S,.F

laj=m

Section 3. Complexes M7(-) and the description of low terms in the resolution of
S (E*® E)/[3,

Our approach to the problem of finding generators of the ideals 3, is to use a
desingularisation of X,. We consider the variety Y, X x G/P,

Yv:{(A;Rv"Rv,«#vz Rv1+vz+...+v,)|ARv,+. A+v,CRvI+.. v, for all i}~

One can easily see that the image of Y, under the projection on X equals X,, and
that the projection induces a birational isomorphism between Y, and X,. The
space Y, can also be viewed as the total space of the cotangent bundle of G/P,. The
structure sheaf of Y, is the symmetric algebra on the tangent bundle of G/P,. We
denote this bundle by 7. The next step is to express 7, in terms of tautological
bundleson G/P,. Todo that let us recall that there is a well - known equivalence of
categories

[homogeneous vector bundles on G/P,] X8 [P,-modules]

where A (V) is the fibre at the identity. Under this equivalence the tangent space to
GL(E) becomes E*® E and the tangent space to P, becomes the parabolic Lie
algebra p,. Now it is obvious looking at the roots belonging to p, that .7, has a
composition series whose associated graded object equals

B) Ti=RE®R, /R)® .. ®RE o ®RysufRyysoin -
We define the bundle &, by the exact sequence
(3.2 0> —E*QE->T,-0
and observe that %, has a composition series with associated graded object
(33) Fi=E*@R, ®Q%, .\ @R, ., /R)D ...

- DOFRER, 44y, )

One should mention that in the case of rank varieties i.e. when |v|=17<n, the
corresponding 7~ and %' have a different expression. (3.1) must be modified by
the additional summand E*® (E/R, . ., ) and & has the decomposition
(33’) E*®va®Qn v1®(va+vZ/Rv‘)® e

. @ Qn—vl—...—v, 1® (Rv,+...+v,/va+.‘.+v,,‘) .
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We have already said that the structure sheaf ¢y is equal to the symmetric
algebra ¥ (7), so its locally free resolution over (Uy, ,p €quals

(3.4) A(L)—=Oy—0.

We want to apply Theorem (2.1). Instead of calculating higher direct images of
A(&,) we calculate higher direct images of A(%). This gives us more terms but
we know that they form a (non minimal) complex with the same cohomology as
the complex we would get from higher direct images of A(%,). We define now the
complexes M*( )= MY(E,E*, -)

(3.5) M) = P# (N,
(3.6) M) o M) MY (G—1)—> ... .

The differentials in M*(:) are defined in such a way that
H,(M"()) = #'n,(Oy). By Cauchy’s formula

(37) /\]y‘/' = ZSa;E*®Sa,Rv‘® e ®Saf Qvﬂ:®Sa,(E/Rv,+‘..+v,,,)

where we sum over all stuples of partitions a,, a,, ..., a, such that
lag +... +la]=].

We notice that all our constructions can be made for relative flag manifoldsi.e.
for a vector bundle & over some base space Z instead of a vector space E (the case
& = E corresponds to Z being a point). Then the terms in (3.3) except the first one
form the composition series of &, in the relative situation of & = Q)+, where
v# =(v,,v5,...,v,). This proves the following lemma.

(3.8) Lemma. Let v=(v,,v,,...,v,) and v¥ =(v,,...,v,). Then the terms of
M*(-) are the higher direct images R'n,, of

szE*@SaR@MV*(Qs Q*7 )

where R:=R, , Q:=Q,_, and r is the projection of X x G/P, onto X.

Now we investigate the relation between the complexes MY (E, E*, -) and
M (Q, 0%, ). The terms in M (Q, 0%, -) are of the form S,Q where b is a
dominant integral weight with possibly negative indices. We look at the part of
MY(E,E*, -) coming from S,Q ® A (E*® R). For our purposes it is convenient
to denote

(3.9) b=(s,0°\t) =(5(,...,8,,0° —t,, ..., —t;)

where s and t are two partitions, ¥ + v + ¢ = n. We assume that S,Q appears in
degree iin M""(Q, Q*, -). We will denote the part of M¥(E, E*, -) coming from
S,0® A (E*® R) by K o\ (E, E*). By Bott’s theorem it equals
(3.10) Ko\ (E E*) =Y R/, (Sy- E*® S, R® S5 0010 Q)

=280 E*® Siscqw Eli+1a] = #(s, 0% \t| )]
where the number in the square bracket denotes the degree of the corresponding

element and # (s, 0°,\t|a) denotes the length of the permutation w used in Bott’s
theorem (compare (2.4)).
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Now we prove the key combinatorial lemma. The main idea is to show that the
term of M**(Q, O*, i) can give terms of M (E, E*, j) only in degrees j bigger than or
equal to |.

(3.11) Lemma. Let O—>R—->E—>Q— O be the tautological sequence on the
grassmannian Grass (r,n). Let us consider the bundle S o.oQ. We assume that
r=dim R=t,. Then the terms of K(s,0°\t)(E, E*) of lowest degree are

- S(t,f”')E* ®‘S(s‘0‘.\t(t;+(’+1.!§..A.) E - S:E*®S(s.0‘.\1|r) E

| \

- S(tl,tz‘.u.t,,l”‘) E*®S(s,.s2... .swr*i)E - SE*®S,E.

Moreover, if Si q.\oQ occurs in MY'(Q,Q%,i) then S;E*® S,E also occurs in
MY(E, E*,i). For all a’s leading to non zero terms in K oo (E, E*) the weight
(s,0°,\t|a) has nonnegative terms. Finally, if t; <r, then Ky o\ (E, E*) consists of
terms S,EQ S,E* withz, <r.

Proof. By Bott’s Theorem (2.4) the partitions a leading to non zero terms in
K o00(E, E*) are the ones for which the sequence

z(a)=(s,0°\t,a) + (n—1,n—2,...,2, 1)

=(s,+n—1,...,8,+n—u,r+ov+c—1,...,r+v,r+o—1—t, ..., r—t,,
a,+r—1,...,a,)

has no repetitions. The term corresponding to such a has a dominant weight that
comes from reordering z(a) into a strictly decreasing sequence, and substracting
0= (rn—1,...,2,1) from it. This term occurs in the place p(a) = |a| — /(w) where
[(w) is the number of exchanges needed to reorder z(a).

First of all we notice that if » = t, then all numbers in z(a) are positive. This
shows that the weight (s, 0¢,\t|a) has nonnegative terms.

Next, it is easy to see thatifb=(a,,...,a,+j,a,.,...,a,) then p(b) > p(a).
Indeed, when reordering z(b) the number a,+ j + r — s can be exchanged with at
most j — 1 additional places compared to a, + r — sin z(a). This will account for an
increase of at most j—1 in /(w).

On the other hand if ¢ +v=a, then (r+v+c+1, ..., r+v,r+v—1—t, ...,
r—t,,a,+r—1,...,a,)arer + v + c numbers belonging to {0, 1, ..., r+v+c—1}.
They can be distinct for a unique partition a and it is easy to see thata=t"~. It is
also clear that this a is the smallest partition leading to a non zero term in
K 0.0 (E, E*) and by the previous reasoning its p (a) is the smallest, so it furnishes
the lowest term of K o \(E, E*). Finally it is easy to check that p(t™)=0.
Similarly one identifies a unique partition a’ with p(a’)=1.

To prove the last statement of (3.11) we recall that the typical term in
K onolE,E*) is S g E @S, E*. Since a=(a;,...,a,), a; <r. This con-
cludes the proof of (3.11).

Now we can state the main result of this section.
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(3.12) Theorem. The 0-th and 1-st term of MY (E, E*, +) consists of higher direct
images of M*"(Q, 0*,0)® A (E*® R) and of M""(0,0*,1)® A (E*Q R).

Proof. The statement (3.11) shows that the 0-th and 1-st term of M¥(E, E*, - ) can
come only from the 0-th and 1-st term of M**(Q, O*, -) if we can assume that all
terms of M**(Q, Q*, -) satisfy the condition of (3.11). To show it we prove by
induction on the number of parts in v that all terms S ¢\ Ein M¥(E, E*, - ) satisfy
t, <v,.Indeed, let us assume that this is true for M*" (Q, O*, +) (i.e. all terms there
are of the form S ¢\ Q with t; £v,). But in (3.11) r=v, 2 v, so all terms in
M (Q, Q*, -) satisfy the condition of the last statement of (3.11). Thus it remains
to show that in S,E®S,E* with z; £v, we can only get the represen-
tations S o\ E with t; <v,. But this follows immediately from the Littlewood-
Richardson rule ((MD], Sect. 1.9 and A.7).

(3.14) Remark. The proof of Theorem (3.12) shows that for any s the 0-th, 1-st,
..., m-th terms of M¥(E, E*, +) come only from 0-th, 1-st, ..., m-th terms of

M (Q,0%, ).
(3.15) Corollary. The varieties X, are normal and have rational singularities.

Proof. The Theorem (3.12) shows that M"(E, E*, -) has no terms in negative
degrees and that MY(E,E*,0)= (4. The corollary now follows from
Theorem (2.1).

To find the equations of the rank varieties X, we need to analyse the term
MY(E,E*,1). The Theorem (3.12) and Lemma (3.11) tell us that for
v=(v,...,v,), M"(E, E* 1)is constructed inductively from M""(Q, Q*, - ) where
v =(v,,...,v,). M'(E, E*, 1) consists of two parts:

1) M*'(Q,0*, 1), decomposes into bundles S, o-@ and each such term gives
us a term S;E® S,E* in M¥(E, E*, ]),

2) M*'(Q, 0*,0) gives us AVt tWtE® AVt %t E* (corresponding to
the vanishing of the minors of order v,+ ... +v,+1) in MY(E, E* 1).

It is easy to see using this procedure that the only representations of E that can
appear in MY(E,E*, 1) are S gn-2, - 1yyE for various i and in various
homogeneous degrees. We identify them as linear combinations of minors of
various sizes in the next section.

Section 4. Tanisaki generators of J,. Proof of the main theorem

In this section we investigate the linear combinations of minors in & (E® E*)
vanishing on X,. This analysis is then used to prove that elements of this type
generate the ideals J,.
Let us recall that by the Cauchy formula we have
SHE®E*)= > S,E*®S,E.
ja|=m
We look at the p x p minors of the matrix A. They correspond to APE*® APE.
Using the Littlewood-Richardson rule we find
APE*®@ APEx= P S on-2 -1 E .

O=i<min(p,n—p)
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We will denote the copy of S(y. gn-2. (), Einside of APE*® APEby U, ,,s0 we
get
APE*Q APE = ) U

0<i<min(p,n—-p)

iLp-
Next, we denote by V;, the subspace of APE*® APE generated by
Up,,®U,,,® ... DU, ,. The point of introducing V; , is that the embedding of
Vi.pinto APE*® APE can be simply expressed in terms of minors. Indeed V; , is
isomorphic to A'E*® A'E and the embedding is given by multiplying by the
invariant f,_; (compare (2.0)). This means that if e, ..., ¢, is a basis in E, the
clement e, Ae, A ... Ae, @ef Aef A ... Anef in V;, becomes the sum of
minors
Yo (ay, ..., a, Jby, o b ).
{Jl=p—i
First we determine which V, , vanish on X|.

(4.1) Lemma. Letv be a partition, u its conjugate. Then the elements of the space
Vi , vanish on the variety X, iff

4.2) p>n—|ul+u+...+u—i.

Proof. Let the condition (4.2) be satisfied. We will show that V; , vanishes on X, .
Indeed, the typical element of V; , is

Y. (4,J|B,J)
[JI=p—i
for fixed subsets A4, B, both of cardinality i. However all minors (4, J| B, J) vanish
on X, because it is enough to check that they vanish on the elements of X, in
canonical Jordan form.

Now we prove that if condition (4.2) is not satisfied, then V; , does not vanish
on X,. Let us assume that p<n—|uj+u; +... +u;,—i. Let us denote n — |u| by
y. We choose a canonical Jordan form of a matrix from X, such that the boxes
corresponding to eigenvalue 0 are in the lower right corner. We also choose j so
u;>1,u;;. =1 (@f u;>1 then j=1i). Now we choose

A=[y+1, y+u+1,. ..., y+u +... +u;+1].

We can also choose w;,...,w; in such a way that 1<w,Zu,,
wit...+w;=p+i Let

B=[y+w;, y+ug+w,y, .., y+u+.. +u +wl.
We consider the element (*) Y (4, J|B,J).

[J=p-J
Clearly its value on the general matrix from X, is not zero, because such a matrix is
generic in the upper left y xy corner. Our element belongs to V; , which is
contained in V; ,. This proves the lemma.

L

(4.3) Remark. Lemma 4.1 is due to Eisenbud and Saltman [E-S}. In case of
nilpotent orbits it was proved by Tanisaki [T]. Their notation was different from
ours. Let us mention that A} in [E-S]is our ¥, _, ;. In casej = i in the proof of (4.1)
Wwe see that the element (*) we consider belongs to U; ,. Thus in case j = i we have
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that U, , vanishes on X, if and only if the condition (4.2) is satisfied. This is true in
general, but the proof is much more complicated. We do not include it here
because the proof of the main result is independent of this statement.

The representations ¥V, , do not give independent generators of J, .

(4.4) Lemma. For i2 1V, . is contained in the ideal generated by V; ,.

Proof. The lemma follows directly from the Laplace expansion.

Let us denote by .#, the ideal generated by representations V; , satisfying
condition (4.2). Our goal is to show that in fact 3, = .#,. Lemmas (4.1) and (4.4)
show that £, is generated by the invariants U, ,_ s+, ---» Uy, and by the
representations U, ,, (1 £ i<n)wherev(i) =u; + ...+ u;— i+ 1 (letus notice that
if v(i) > min(v(i), n—v(i)) then U, is zero).

There is a useful way to describe graphically the representations U; ,. We do it
for a concrete example from which the general case is obvious.

(4.5) Example. Letn=12,u=(3,3,2,2,1,1). We draw the following diagram.
For each pair (i, p) corresponding to U; , we draw an X in the place (7, p) if U; ,
vanishes on O (u) and 0 if U, , does not vanish on O (u). In fact, according to (4.2),
the highest X in the zeroth column occurs in the first row, the highest X in the i-th
column (for i > 0) occurs in the v(i)-th row, where v(i)=u, +... +w,— i+ 1. For
u=(3,3,2,2,1,1) we have v(1) =3, v(2) =5, v(3) =6, v(4) =v(5) =v(6) =7, so
we get a diagram

p=0 0

p=1 X 0

=2 X 0 0

p=3 X X 0 0

p=4 X X 0 0 O
p=5 X X X 0 0 0
=6 X X X X 0 0 0
=7 X X X X X X
p=8 X X X X X
=9 X X X X
p=10 X X X
p=11 X X

p=12 X

fi= 01 2 3 4 5 6

J, is generated by the first column and the highest X in other columns, i.e. by
Uo.p(1 Sp=12), Uy 5, Uys, Us g, Uy 7, Us 5.

Now comes the main result of this paper.

(4.6) Theorem. For each partitionv of I, | £ n, the ideal 3, of rank variety is equal
to #,i.e.isgeneratedby U, ,,(1 Si<n), whereasabovev(i) =u, + ...+ w;—i+ 1,
and by the invariants U, ,(n—|v|+1<p<n).

(4.7) Remark. This set of generators is not minimal. We will discuss minimal
sets of generators of J, in the next section.
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Proof of Theorem (4.6). We argue by induction on the number 7 of parts in v. For
t=1,v=()) X, is the set of matrices of rank <n -/ The ideal 3J, is generated by
the n — [+ 1 minors. On the other hand the condition (4.2) reads p > n— |ul
because u = (/') and if i> 1 then we are in the range U, ,= 0. Thus both con-
ditions agree. Let us mention that in this case the complex
MY(E,E*, )= R*r, A (R® E*) is the Lascoux resolution. Let v¥ = (v,, ..., v,).
We know by induction that J,+ has the generators as indicated in the theorem.
This means that we can assume (by cutting down M**(Q, Q*, -)) that

MY(Q,0%1) = Y . U, v(Q,0%) + ) > Uo, ,(2,2%)
1Sisivy w-vtH1gpsa’
where n'=n—v,. Now we apply Theorem (3.12). It follows that M*(E, £*,1)

after cancelling some terms consists of the trivial representations in degrees
n —|v¥|+1,...,n (corresponding to invariants), the terms

NE*® NE =R, (S RO NE*® Syi guw-21,(— 1), Q) in degree v¥ (i) +4, and
the term Avet-- vt E*@ Avat+...+%+1E corresponding to the rank condition on
vanishing of minors of size v, +...4v,+ 1 (coming from M*'(Q, 0*,0)). It is
enough to identify the second set of generators because identification of invariants
is obvious.

First let us make some general comments about the connecting homomor-
phisms in the spectral sequence of the filtration on &, we analyze. The complex
M"(Q,0Q%* +) is a complex of & (Q® Q@*) modules. It induces naturally a
complex with the same terms over & (Q® E*). Thus the connecting homo-
morphisms lowering homological degree all come from the extensions induced
from 0>R—E—Q—0.

The map in M*'(Q,Q*,-) corresponding to U, factors through the
embedding

Stt,or-2, -1y @ = AVTOQ*F@ AOQ.

Thus by the above remarks we see that the corresponding map in MY(E, E*, )
factors as follows

NE*® NE =R, (NE*QS;R® S0 2 (-1y,0)

R, (NE*Q@S;R® AN'OQ*@ AV 0Q)
I/

(4.8) @On*(AiE*® AQ® ATOQ*® AT0OQ)
g

R°n (NE*Q@ NQ® AVDE*Q AV Q)
A

NE*® NE® AV"OE*® AV'OE

u

PE*QE).
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Here the map f is induced by the action of the natural generator A (E—Q) of
Ext!/(A'Q, S;R) = H'(S;R® N'Q*) =Sq.0. .. .0E=k.
g is induced by the embedding Q*—>E* and /4 by the identification
R°m, (N'Q)= N'E. Let us also observe that h, u are GL(E*) x GL(E) invariant
since they preserve homogenous degree in £ and E*. The map f has to go to
RO (NE*® NQ® ATOQ*® AY"0Q) because for other partitions a of i,
Exti(S,0, S;R) = H'(S;,R® S,0*)=0.

Let us consider the composition of the first four maps in (4.8). Since it goes
from homogeneous degree i in E and E* to homogeneous degree i + v (i), the
extra v (i) components have to come from a trace map ¢,: k— S,E® S, E* for
some partition a of v¥ (7).

Now we have the commutative diagram

Hi(SiR® /\IQ*)—')___) HO(/\iQ@ /\iQ*)
|

k 4 HO(S(O,O,...,O)Q)

where v is induced by the extension A‘(E— Q). This shows that the components
corresponding to A‘E in the term A'E*@ A'EQ AV'WE*®@ ANOE of (4.8)
come entirely from trace. On the other hand all the maps involved are equal to the
identity on the components corresponding to A‘E*, so the components from
A¥'® E* come entirely from trace. This shows that ¢, above is in fact the exterior
power f,s,: k> A"OE® A" OE* We can conclude that the whole composition
4.8 is of the following form

NE*® NE 180, ANE*@ NERQ AVOE*® AV'OE 2%,
S ANE*Q NEQ AVOE*Q ANV OE - ¥ (EXQE)

where w is the identity on the components involving £* and on the components
involving E it equals

w': NEQ ANTOE 184, ANip@ AV O-IE@ NE -T200, AVVOER AE.

Here 4 and m denote the diagonal and multiplication map (compare (2.0)). It is
well known that w' is a GL{E) invariant isomorphism. It follows that the
composition (4.8) is contained in the image of the map

NE*® NE -850, Apx@ ANEAVOE*Q AVOE 2, & (E*®E)

for some GL(E*) x GL(E)invariant map w". It follows from [D-E-P] that the map
w” is a linear combination of the maps w;(0<j<1)

wi AVOE*Q AVOE® NE*Q AN'E—
- AVOHE*@ AOHEQ NTIEX@ NTIE s S (E*QE).
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Here the first map is a combination of diagonal and multiplication on both
sides (like w’ above) and wj is an embedding via products of minors of sizes
v¥ (i) +jand i —j. To finish the proof of the theorem it is enough to prove that for
J<ivp=w](1®1,:) all belong to .#,. Indeed, v, is one of the generators of %,
because u; =u", + 1, s0 v(i) = v (i) + i. Now let us look at v;-;(j>0). The image
of a typical element is a combination of products of minors of size v (i) + i — jand
j. But the minors of size v¥ (i) + i —j include the trace element 1,4 Each such
combination is in .#, because

i+vi@)=u+...+uy—i and w=ut+1 50
i+vi@) —jzu 4w it

and condition (4.2) is satisfied. This finally proves that our generator is a
combination of elements of J,.

(4.9) Remark. It seems that in fact the generator U, ,+,(Q, Q%) gives the
representation V, v, . (E, E*) but we proved a weaker statement above. It would
be very interesting to identify this generator more precisely.

(4.10) Example. The combinatorics above is quite complicated so let us give a
concrete example of the inductive step. We will show how one gets generators of
J6,4,2) from the generators of J, ,,. Let us draw the diagram (4.5) for the
partition (4,2)

/. o
SRR
N ©
bt

e A R T T T~
I

NN W N = O

O bq 3 3 O

—_—
o
(oe)

This means that 3, ,, is generated by the invariants, by U, ,, U, ; and by
Us, 5. After passing to 3¢ 4,2, terms corresponding to U, ,, U, 3 and U, ; give
generators V, 5, V, sand V; ¢ respectively. This covers the generators U, 5, U, 5,
Us,s of 3.4, The generators U, , and Us; come from the term

K(O,O, 0,0,0,0)(Q9 Q*)

Section 5. Minimal sets of generators of the ideals 3,

In this section we describe plausible minimal sets of generators of the ideals
3,. Theorem (4.6) states that J, is generated by the representations
Up,p(n—|v|+1<p<n) and U, (1 Si<n) where v{i)=n—|v|+u, + ... +u;
—i+4 1. We give the main statement right away.
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(5.1) Conjecture. The ideal 3, is minimally generated by the representations
Up, ,(n—|v|+1<psn—|v|+w,) and U, for which the following condition is
satisfied

(5.2) v(i)—1>ifj(v(j)—1) forall 1 £j<i.

(5.3) Remark. The most suggestive interpretation of the condition (5.2) comes
when using the diagram 4.5. Let us look at the position (i, p) = (0, 1). The symbol X
corresponding to U, in the diagram is part of a minimal set of generators
of I, when there are no X'es to the right of (or on) the segment joining (i, v(i))
with (0,1).

(5.4) Example. U, sis notamong the minimal generators of 3¢ 4 ,, because the
point (1.3) belongs to the segment (0, 1)—(2, 5} (compare the diagram from (4.5).
In fact 34 4, is minimally generated by Uy 1, Uy 5, Up 3, Uy 3, Us 65 Us,7s
USV 7 .
We close this section with some examples of ideals J, for special partitions. In
all of these examples we assume |v| =n i.e. we look at the nilpotent orbit.

(5.5) Example. v={m,1""™). In this case X, is a so called rank variety. It
consists of nilpotent matrices of rank < n — m. Using the induction process from
Sect. 3itis possible to calculate the whole complex M (-). Indeed, forv¥ = (1"~™),
M (Q, Q*, -) is the Koszul complex on the invariants in degrees 1,2, ..., n—m.
Thus M¥(-) becomes Ky o .. o(E, E*) tensored with this Koszul complex
Ko.o.....00(E, E*) equals by definition #*n, (A (R®E*)) which is just the
Lascoux complex for minors of order # —m + 1. This shows that in this case MY (+)
is the minimal resolution of & (E*® E)/3, and X, is a complete intersection cut
outby Uy 4, ..., Ug »-n in the determinantal variety of matrices of rank < n—m.
This result was obtained independently and by other methods in [E-S].

(5.6) Example. v=(v,,v,). The construction from Sect.3 shows that 3, is
generated by Uy ,, Uy 5, U, , and the rank condition— vanishing of the minors of
size v, + 1. However it is easy to see using Laplace expansions that the ideal
generated by V, ,=U, ,+ U, , contains ¥V, , ,. Thus the minimal set of
generators consists in thiscase of Uy, 1, Uy, 5, Uy ;and U, , ¢, ;. Inthe case when
v, = v, this last representation is zero. This example recovers the characteristic 0
case of the result of Strickland [S].

(5.7 Example. visarectangular partition, i.e. v = (r°). Using Example 5.6 (case
v, =v,) and the induction from Sect. 3 we easily find out that 3, is generated by
Up.1s ---» Up s and Uy ;. Those generators are clearly minimal.

We see that for the partitions from Examples (5.5)-(5.7) the Conjecture (5.1) is
satisfied.

Section 6. Application to generalized exponents

The method of Sect.3 applies to the problem of calculating the generalized
exponents. Let us recall first the basic definitions.
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We assume throughout this section that dimE=n, |v]|=n. We consider
A, =S (E*®E)/J, — the coordinate ring of X,. It was proven by Kostant in [K]
that for each dominant integral weight « =(a,, ..., a,) the representation S,E
appearsin A, finitely many times. A, is a graded ring, so we can define polynomials
P, (1)=Zm,, ;1" where m,,, is the multiplicity of S,E in the i-th graded
component of 4,. Kostant in [K] gave formulas for calculation of the coefficients
m, ;in terms of SL(2) - triples associated to v but they are not very explicit. Thus
the problem is to find nice expressions for the polynomials P, (¢).

There has been a substantial ammount of work done in this direction. One
should mention here the work of R.Stanley and R.Gupta [G],[St] and the
unpublished note of D. Peterson [P].

Our approach allows us to develop inductive formulas for P, ,(¢) in terms of
Bott’s algorithm and the Littlewood-Richardson rule.

We will use the following notation. P (v, t)is the element of the polynomial ring
in one variable ¢ over the representation ring of GL(n) defined as

(6.1) P(v,)=X[4, ]

where [4, ;] denotes the class of the i-th graded component of 4,. We have by
definition

(6.2) P(v,t)=X P, ()[S,E],
Now it follows from (3.15) that
(6.3) A=n (L (7)), R (F(T)=0 fori>0.

Our method consists of calculating inductively £(—1)'#'r, (¥ (7,")) using the
grassmannian. Let us take v=(v,,..., V) V'=(v;,...,v,_;). Let n' ={v"]. We
consider the grassmannian Grass (', E). We denote by R the tautological
subbundle, by Q the corresponding factorbundle. Suppose we know the

polynomials P, ,-(¢) for all weights a=(a,, ..., a,). We consider now the exact
sequence
(6.4) 0T (R)»J,>R*®Q0 -0

where 7,.(R) denotes the bundle .7,. defined in Sect. 3 calculated in the relative
situation where E becomes R. We get the following formula for P (v, 1),

Pv,y= 5 (- R'n (S; Tt

i,jz0

= Y (~1) RS, TR) ® S, (R*®Q)t!
4]

i 7"

(=1 R'=, (Z P,y(t) SR® Y Sjrr(R*®Q)lj">

HiY

M D

iz0 a j"z0

w

=Y P, (1)1 < Y (=D R'n (S,R® S,,R*@SbQ)).
ab iz0

Now we can state the main result of this section. To do that let us denote

r=1|¥"|,q=n—r. For adominant integral weightd =(d,, ..., d,) let W(i,r,d) be

the subset of the Weyl group W of GL(n) consisting of such elements w that
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[(w)=1i, and for which w-d=(b,,...,b,) has the property b,=...2b
bgs ... 2b,.

q’

(6.5) Theorem. Let d=(d,,...,d,) be a dominant integral weight. Then
(6.6) Py ()= (1) > (LR),, —pye Lo ()]

iz0 a,(by, ....bg,c1, ...,c,)eW(i,r,d)
where (LR), _,.. is the multiplicity of S.R in S,R® S,R*.

Proof. The theorem follows from the last formula above after decomposing the
tensor product in the bracket and applying Bott’s theorem. One should note that
the coefficient (LR) can be calculated from the Littlewood-Richardson rule.

(6.7) Remark. We can get a similar formula for P, ,(¢) in terms of P, ,+(¢) where
v¥=(v,,...,v,) by using the other induction v—v* and the corresponding
grassmannian.

(6.8) Remark. Themethod of Peterson [P] of generalized exponents (i.e. the case
v = (1")) consists in fact in calculating the higher direct images not for 7, but for
the associated graded bundle .77, which is a sum of one dimensional bundles (they
correspond to positive roots). Our method in this case seems to be more
economical.

(6.9) Remark. When this paper was in preparation [ got from R. Stanley the
preprint [M] where the authors prove similar result to Theorem(6.5)
(Theorem (2.2)).

There is a very interesting special case of Theorem (6.5). We can consider the
schematic intersections of the varieties X, with the set T of diagonal matrices.
Geometrically each of them is a point. Let us denote by B, the graded Artin
algebra we get in this way (B, = A4,/J where J is the ideal generated by A4, ;, i+ /).
There is a natural action of the Weyl group W on the algebras B,. We can define
the Poincare polynomials K ,(¢)

K (1) =Zm, '

where m, , ; is the multiplicity of the irreducible representation S, of W in the i-th
graded component of B, . The polynomials K, ,(¢) are called the Kostka-Foulkes
polynomials (compare [MD]). It turns out that those polynomials are a special
case of the polynomials P, ().

Leta={(qay,...,a,) be a dominant integral weight with a, + ...+ a,=0 and
a,=1. To a we associate a partition a of n by letting a,= —a, ., _;+ 1. Now we
can state the result.

(6.10) Theorem. P, (i) = K,,(1).

Proof. The inductive formula one gets when using the filtration of .7, by one
dimensional bundles is the same as the definition of K} , (¢) given in MacDonald’s
book [MD] (Sect. I1L.6).

This proof was communicated to me by J. Klimek.
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