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1. INTRODUCTION

This paper continues our study of quivers with potentials and their representa-
tions initiated in [9]. Here we develop some applications of this theory to the theory
of cluster algebras. As shown in [12], the structure of cluster algebras is to a large
extent controlled by a family of integer vectors called g-vectors, and a family of
integer polynomials called F'-polynomials. In the case of skew-symmetric exchange
matrices (the terminology will be recalled later), we find an interpretation of g-
vectors and F-polynomials in terms of representations of quivers with potentials.
Using this interpretation, we prove most of the conjectures about g-vectors and
F-polynomials made in [12].

Now we describe the main results of the paper in more detail. Fix a positive
integer n. As in [I1] and [I2] Definition 2.8], we work with the n-regular tree T,
whose edges are labeled by the numbers 1,...,n, so that the n edges emanating
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750 HARM DERKSEN, JERZY WEYMAN, AND ANDREI ZELEVINSKY

from each vertex receive different labels. We write t——#' to indicate that vertices
t,t' € T, are joined by an edge labeled by k. We also fix a vertex ¢o € T,, and a
skew-symmetrizable integer n x n matrix B = (b; ;) (recall that this means that
d;b; j = —d;b;; for some positive integers di, ..., d,). We refer to B as the exchange
matriz at ty. To ty and B we associate a family of integer vectors gp,; = gff“ ez
(g-vectors) and a family of integer polynomials Fy; = Ff’t;to € Zluq, ..., uy] (F-
polynomials) in n independent variables uq,...,u,; here £ = 1,...,n and t € T,,.
Both families can be defined via the recurrence relations on the tree T, given by

EI)-R3) and 24)-230) below.

Now we state some conjectures from [12].
Conjecture 1.1 ([12, Conjecture 5.4]). Each polynomial Fft;to has constant term 1.
In view of [I2], Proposition 5.3], Conjecture [l is equivalent to the following.

Conjecture 1.2 ([12, Conjecture 5.5)). Each polynomial Fft;to has a unique mono-
mial of maximal degree. Furthermore, this monomial has coefficient 1, and it is
divisible by all the other occurring monomials.

Conjecture 1.3 ([I2, Conjecture 6.13]). For every t € Ty, the vectors gﬁjfo, cey

gf;;tt are sign-coherent; i.e., for any i = 1,...,n, the i-th components of all these
vectors are either all nonnegative or all nonpositive.

0

Conjecture 1.4 ([I2, Conjecture 7.10(2)]). For everyt € Ty, the vectors gﬁjf“

gfif“ form a Z-basis of the lattice Z™.

PR

Conjecture 1.5 ([12] Conjecture 7.10(1)]). Suppose we have

Bito __ 1 _Bito
E :aigi;t - E :a‘igi;t/

i€l i€l
for some t,t' € T, some nonempty subsets I,I' C {1,...,n} and some positive
integers a; and a}. Then there is a bijection o : I — I' such that, for every i € I,
we have
/ Bito _ _Bjt Bty _ B;t
a; = ao’(i)’ gi;t (U ga(i)o;t” Fi?t 0 — Fa(i)(;t"

In particular, for given B and ty, each polynomial Fft‘t“ is determined by the vector

B‘
gi;£t0 .
To state our last conjecture, we need to recall the matriz mutation introduced
n [I1]. For any k = 1,...,n, we define an integer n x n matrix u(B) = (b; ;) by
setting
—b; ifi=korj=k
(11 b, = { " .
bij + [bik]+ [Orjl+ — [=bikl+ [~brjl4+ otherwise,

where we use the notation
(1.2) [b]+ = max(b,0).

Conjecture 1.6 ([I2, Conjecture 7.12]). Let to——t; be two adjacent vertices
in Ty, and let B = pi(B). Then, for anyt € T,, and £ = 1,...,n, the g-vectors
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QUIVERS WITH POTENTIALS II 751

gféto =(g1,---,9n) and ggt';tl = (g},...,495) are related as follows:
0 [ gimt
: 9; = . o
gj + [bj k] +9x — b min(gr,0) if j # k.

We can now state one of our main results.

Theorem 1.7. The conjectures [LTHLOl hold under the assumption that the ex-
change matriz B is skew-symmetric.

Remark 1.8. As explained in [I2] Remark 7.11], Conjectures [Tl and imply the
linear independence of cluster monomials in any cluster algebra satisfying a mild
additional condition [12] (7.10)].

Remark 1.9. The above conjectures were established in [I3] under some additional
conditions (that the cluster algebras in question admit a certain categorification).
Our method described below has an advantage that the only condition we need is
that the matrix B is skew-symmetric.

As mentioned already, our proof of Theorem [[.7] is based on interpreting g-
vectors and F-polynomials in terms of representations of quivers with potentials.
First of all, a skew-symmetric integer n x n matrix B can be encoded by a quiver
Q(B) without loops and oriented 2-cycles on the set of vertices [1,n] = {1,...,n}.
This is done as follows:

(1.4)  for any two vertices i # j, there are [b; ;]+ arrows from j to ¢ in Q(B).

As is customary these days, we represent a quiver by a quadruple (Qo,Q1,h,t)
consisting of a pair of finite sets Qg (vertices) and Q1 (arrows) supplied with two
maps h: Q1 — Qo (head) and t : Q1 — Qo (tail); every arrow a € @1 is viewed as
a directed edge a : t(a) — h(a). For the quiver Q(B), the vertex set Qo is identified
with [1,n].

Recall that a representation M of a quiver @ is specified by a family of finite-
dimensional vector spaces (M (3));eq, (for simplicity we work over C) and a family
of linear maps a = aps : M(t(a)) = M(h(a)) for a € Q1. The dimension vector ds
of M is given by

(1.5) dy = (dim M (1),...,dim M (n)).

For every integer vector e = (eq,...,ey), we denote by Gre(M) the quiver Grass-
manmnian of subrepresentations N C M with dy = e. In simple terms, an element
of Gre(M) is an n-tuple (N(1),..., N(n)), where each N () is a subspace of dimen-
sion e; in M (i), and ap (N(j)) C N(i) for any arrow a : j — 4. Thus, Gre(M)
is a closed subvariety of the product of ordinary Grassmannians [[;; Gre, (M (i)),
hence a projective algebraic variety.

Let x(Gre(M)) denote the Euler-Poincaré characteristic of Gre(M) (see, e.g.,
[14, Section 4.5]). We associate to a quiver representation M the polynomial Fy, €
Z[uy, ..., uy,] given by

n

(1.6) Fur(ur, . yun) =Y x(Gre(M)) [T us'-

i=1

We refer to Fy as the F'-polynomial of M.
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752 HARM DERKSEN, JERZY WEYMAN, AND ANDREI ZELEVINSKY

It is immediate from (6] that every polynomial F), satisfies properties in Con-
jectures [T and Thus, to prove these conjectures for any skew-symmetric ma-
trix B, it suffices to construct, for tg, £ and ¢ as above, a representation M = M, ft;t”
of Q(B) such that

(1.7) Fit = Fy.

We do this in Theorem [B.1] using mutations of quivers with potentials and their
representations introduced and studied in [9].

To prove the conjectures involving g-vectors, we need to consider quiver repre-
sentations equipped with some extra structure. First, following [16], we work with
decorated representations M = (M, V'), where M is a representation of Q(B), and
V = (V(9))ieq, is a family of finite-dimensional C-vector spaces, with no maps
attached. Second, M must be nilpotent, that is, annihilated by all sufficiently long
paths in Q(B). Finally and most importantly, the action of arrows in M must
satisfy the relations from the Jacobian ideal of a generic potential on Q(B). The
corresponding setup developed in [9] will be recalled in Section @} here we just
describe a general form of the relations. For every two arrows a,b € )1 with
h(a) = t(b), a generic potential S on Q(B) gives rise to an element 95,(S) of the
complete path algebra of Q(B): this is a (possibly infinite) linear combination of
paths from h(b) to t(a). For every k € Qq, these elements give rise to the triangle
of linear maps

(1.8) M (k)

Min(k) Mout(k)-

Here the spaces M, (k) and My, (k) are given by
(1.9) Mu(k)= @ M(t(a), Mou(k)= @ M(h(v)),
h(a)=k t(b)=k
the maps «a; and [, are given by
(1.10) ar= > am, Bu= Y bu,
h(a)=k t(b)=Fk

and, for each a,b € Q1 with h(a) = t(b) = k, the component v, : M(h(b)) —
M (t(a)) of v is given by

(1.11) Yab = (ObaS)nr-

In these terms, the relations on M imposed by the choice of S are just the
following:
(1.12) agovyr =0, ,opBr=0.

We refer to a decorated representation with these properties as a QP-representation
(for “quivers with potentials”).

Now we define the g-vector gaq = (g1, - .., 9n) € Z™ of a QP-representation M =
(M, V) by setting

(1.13) gr = dimker v, — dim M (k) + dim V (k) .
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QUIVERS WITH POTENTIALS II 753

As a first step towards proving Conjectures [L3HL.6l for B skew-symmetric, in
Theorem [5.I]we construct, for ty, £ and ¢ as above, an indecomposable QP-represen-
tation M = Mfff‘) of Q(B) such that

(1.14) gl — g

(note that M = (M,V), where the quiver representation M = Mfgto satisfies
D).

Our main tool in working with QP-representations is the mutation operation
M = pp(M) (for each k € Qo) sending QP-representations of the quiver Q(B)
to those of Q(ux(B)). This operation was introduced and studied in [9], where
it was shown in particular that u; sends indecomposable QP-representations into
indecomposable ones. In terms of the mutations, the family of QP-representations
Mfgto is determined by the following two properties:

e For t = ty, we have
(1.15) Ml =S,
the negative simple QP-representation such that the only nonzero space
among the M (i) and V(3) is V(¢£) = C.
o If to—"—t; in T,, and B’ = p(B), then

(1.16) ME = g (ME),

In contrast with the situation for F-polynomials, where the interpretation (7))
immediately implies Conjectures [[.J] and [[.2] deducing Conjectures from
([CI4) requires further work. The main new ingredient is the following integer-
valued function on QP-representations: for a QP-representation M = (M, V) of a
quiver @, we define the E-invariant by

(1.17) E(M) = dim Homg(M, M) + > gi dim M (k),
k=1

where g, is given by ([I3), and Homg stands for the space of homomorphisms
of quiver representations. In Theorem [I] we prove that F(M) is invariant under
mutations, i.e., for every k£ we have E(uy(M)) = E(M). Then it follows from
(LIH) and (LI6) that E(Mfgto) =0 for all £ and ¢.

Since the numbers g may be negative, it is not a priori clear that E(M) takes
nonnegative values. We prove this property in Theorem [B] establishing the fol-
lowing much sharper lower bound:

(1.18)  E(M) > ) (dimker B, - dim(keryx/im By) + dim M (k) - dim V (k).
k€Qo

As a consequence, for each M of the form Mft;to, the right-hand side of (LIS) is
equal to 0, and this information turns out to be exactly what we need for proving
Conjectures

Note that in view of (LIH) and (II6]), the QP-representations ./\/lfgto can be
characterized as those obtained by a sequence of mutations from a neéative sim-
ple representation. We conjecture that this family coincides with the family of
indecomposable QP-representations M such that E(M) = 0. As a possible step
towards proving this conjecture, in Section [I0] we develop a homological interpre-
tation of E(M) in the case where the potential is finite and the Jacobian algebra
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is finite dimensional. This interpretation is based on constructing a projective pre-
sentation for QP-representations; see Proposition [[0.4]

The paper is organized as follows. Sections PH4l are devoted to preliminaries.
The necessary background on cluster algebras is recalled in Section 2l In Section Bl
we collect some general properties of F-polynomials of quiver representations to
be used later. We conclude this section with two examples, showing that a quiver
Grassmannian may be singular, and that it may have negative Euler characteristic.
The necessary background from [9] on quivers with potentials (QP’s) and their
representations is collected in Section Ml

Section [l contains the first important new result of the paper — Theorem Gl
It asserts that the family of QP-representations recursively defined by conditions
(CI3) and (LI6) provides a representation-theoretic interpretation given by (7))
and (LI4) of F-polynomials and g-vectors arising in the theory of cluster algebras.
As a consequence, we obtain in Corollary 5.3 a formula for cluster variables in the
coefficient-free cluster algebra, which generalizes the Caldero-Chapoton formula in
[T, Theorem 3].

In Section [6] we prove Proposition [6.1] a technical result preparing the ground-
work for the later proof of the invariance under mutations of the function E(M)
given by (LI7). Roughly speaking, Proposition [6.1] says that the mutation at a ver-
tex k preserves the space of homomorphisms between any two QP-representations
modulo the homomorphisms “confined” to k. This result of independent interest
was already established in [3, Theorem 7.1] but the present proof seems to be much
simpler. In the rest of Section [fl we show that the isomorphism in Proposition
can be stated in a functorial way.

The main result in Section [ is Theorem [T.1] establishing in particular the in-
variance of E(M) under mutations. Another useful result there is Proposition [Z.3]
saying that E(M) is invariant under passing to the dual QP-representation of the
opposite QP.

In Section B we prove the bound (LI8) (Theorem BT]). The proof of Theorem [[.7]
is obtained by combining this result with the results in the preceding sections; this
is done in Section[@ The concluding Section [I0 is devoted to the above-mentioned
homological interpretation of the E-invariant of QP-representations.

2. BACKGROUND ON g-VECTORS AND F-POLYNOMIALS

First of all, we recall that the same rule as in (ILT]) defines the matrix mutation
i, for any integer m x n matrix B = (b;;) with m > n, and any k = 1,...,n.
This is an involution on the set of integer m x n matrices. We call the top n x n
submatrix B of B the principal part of B; then uy(B) is the principal part of
px(B). Note also that, if B is skew-symmetrizable, that is, d;b;j = —d;b;,; for
some positive integers di, ..., d,, then the same choice of dy,...,d, makes ug(B)
skew-symmetrizable as well. In particular, if B is skew-symmetric, then py(B) is
also skew-symmetric.

We say that a family of m xn integer matrices (B(t)ser, ) is a skew-symmetrizable
(resp. skew-symmetric) matriz pattern of format m x n on T, if the principal part
B(t) of each B(t) is skew-symmetrizable (resp. skew-symmetric), and we have

B(t') = px(B(t)) whenever t—E—¢'. Clearly, such a pattern is uniquely determined

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



QUIVERS WITH POTENTIALS II 755

by each of its matrices é(to), which can be chosen arbitrarily with the only condition
that its principal part is skew-symmetrizable (resp. skew-symmetric).

Now choose any skew-symmetrizable n x n integer matrix B and any vertex
to € T,. We associate to B and ty the skew-symmetrizable matrix pattern of
format 2n x n such that é(to) = (b; ;) has principal part B, and its bottom part is
the n x n identity matrix, that is, b,y;; = 6;; for 4,5 = 1,...,n; we refer to this
pattern as the principal coefficients pattern associated to B and ty. Let us denote
this pattern simply as (B(t) = (b;;(t)))ser, (with the understanding that B and
to are fixed).

Now, according to [I2, Proposition 6.6], the vectors g = gz o can be defined
by the initial conditions

(2.1) g, =€ (U=1,...,n)
together with the recurrence relations
(2.2) 8o = o for l #Kk;
n

(2.3) 8kt = —8k;it T Z ik (D) 48it — Y _[bntin(t)] b

i=1 =1
for every edge t—%—t' in T, . Here e1,...,e, are the unit vectors in Z", and
bq,...,b, are the columns of B.

Similarly, by [12, Proposition 5.1], the polynomials Fy; = Ff't;to (up,...,upy) can
be defined by the initial conditions

(2.4) Fryo=1 ({=1,...,n),
together with the recurrence relations
(25) F[;t/ = Fg;t for ¢ 7& ]f

n ntin(t ik (1)] - bs.
26) . Hz 1u[ +i k()]+F k )++Hz Lu [ +i k()]+F[ k()] +
’ ' Fk;t ’

for every edge t—£—¢' in T,
For instance, if t; ——t, , then g,ifl“ =—er+y i |—bik]+ei and F,if“ =ui+1.
Here is a specific example for the cluster algebra of type Ay (cf. [12, Exam-
ples 2.10, 3.4, 6.7]).

Example 2.1. Let n = 2. The tree T is an infinite chain. We denote its vertices
by ...,t_1,tg,t1,t2,... and label its edges as follows:

(2.7) PR TV S TV SIS T S

B;to

Let B = [ 1 0}. The g-vectors ge.y = gt and F-polynomials Fy,; = Fé]i;to are
shown in Table [ (the last column will be explained later).

Observing that B(ts) is obtained from B(t) by interchanging the two columns,
and comparing g-vectors and F-polynomials at ¢y and ¢5, we obtain the following
periodicity property:

8litmys = 83—ty Tty s (W1,u2) = F3_py, (u2,u1) (m€Z).

Returning to the general situation, we note that the definition makes it clear
that all Fp,(uq,...,u,) are rational functions with coefficients in Q. The following
stronger statement was proven in [I2, Propositions 3.6, 5.2].
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TABLE 1. g-vectors, F-polynomials, and h-vectors in type Ao

t | B gt B Fuy Foy | hiy  hoy |
ol Bl B B B
s Bel] b B e ]S
BB Bl B 1
t3 :_(1)% _§1: {_01] :_11: uiug +up +1 wup +1 {_01] :_01:
|21 _% _(1)1_ {(1)] —_11_ 1 up +1 {8] —_01_
L1 o L+ LY ]
LI

Proposition 2.2. Fach of the rational functions Fypi(u1,...,u,) is a polynomial
with integer coefficients, which is not divisible by any u;.

We now fix ¢ and ¢, and discuss the dependency of gft;to and Ff’t;to on the initial
vertex to and the initial exchange matrix B. More precisely, choose some k € [1, n],

and suppose that to——¢; and By = pu,(B). We will relate the vectors gy’;" and

Bty : B;to Bty : ; :
8ot and the polynomials Fé;t and FZ;t . This requires some preparation.

Recall that a semifield (P,-,+) is an abelian multiplicative group (P,-) en-
dowed with a binary operation of addition which is commutative, associative, and
distributive with respect to the multiplication in P. With every finite family of
indeterminates uq, ..., u; one can associate two semifields: the universal semifield
Qst(uq, . .., ug), and the tropical semifield Trop(uy, ..., ue) (cf. [12], Definitions 2.1,
2.2]). Recall that Qgs(uy,...,us) is the set of all rational functions in uq,...,up
which can be written as subtraction-free rational expressions, while Trop(uy, .. ., us)
is the multiplicative group of Laurent monomials uf{" - --uj* with the addition &
given by

a; b; min(aj,b;
(2.8) [Tuy @]uy =ui™ .
J J J

Since (28] does not involve subtraction, every F-polynomial Ffi;t“ (U1, ..., up)
belongs to Qs¢(u1, . .., u,) (although it is still not known in general whether all these
polynomials have positive coefficients). Note that every subtraction-free rational
expression F(uq,...,u,) (in particular, every F, f{to) can be evaluated at any n-
tuple of elements y1, ..., y, of an arbitrary semifield P. We denote the result of this
evaluation by F|p(y; < u;). Using this notation, we denote by hfft;to = (h1,...,hy)
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the integer vector given by
h , B;t - H —bji
(29) £L'11 .. ~:L'Z” = F;t O‘Trop(xl,...,xn)(xi 1 l‘g il + — ’U,Z)
J#i

Example 2.3. In the situation of Example 2] the vectors hy,, = hgt;to are given
in the last column of Table[ll In this case, the formula (2.9) for the vector hy,; =
(h1, hs) takes the form

hi_ho _ -1 —1
7' 3% = Frit|Trop(e ) (T1 22,23 ).
For example, since F1.t, = ujus + u1 + 1, we obtain
—1 —1 -1 -1 —1.
Fl;tleroP(zl,xz)(xl T2, Ty ) = T Day @l =2

hence hy, = [_01}

Next we recall the Y-seeds and their mutations (see [12], Definitions 2.3, 2.4]).
A (labeled) Y-seed in a semifield P is a pair (y, B), where

e v = (y1,...,Yn) is an n-tuple of elements of P, and
e B = (b;;) is an nxn skew-symmetrizable integer matrix.

The Y -seed mutation at k € [1,n] transforms (y,B) into a Y-seed ur(y,B) =
(y',B’), where B' = p(B) is given by (), and the n-tuple y' = (v},...,y,) is
given by

-1 oo
Y if i = k;
(2'10) y; = { ’ [br.i)+ b e
Vi (g 1) TR i i # K
The following result is immediate from [12} Proposition 6.8, formulas (6.26),(6.28)].

Proposition 2.4. Suppose to—~—t, in T, and the Y-seed (y', B1) in Qg(y1, ...,
Yn) is obtained from (y,B) by the mutation at k. Let hy, (resp. h}.) be the k-th com-

ponent of the vector hgt;to (resp. hfft“tl), Then the g-vectors gft‘t“ = (g1,---,9n)
and gft“tl =(g1,-..,49,) are related by
— 9k ifj=Fk;
(2.11) g = { o
95 + [bjkl+ 9k — bjkhi if 5 # k.
We also have
(2.12) gk = hi — Iy,
and
(2.13) (e + D" FS (1) = (W + D™ FS (1) -

We conclude this section by recalling [12 Corollary 6.3], which explains why the
g-vectors and F-polynomials play a crucial role in the theory of cluster algebras.
Recall that a cluster algebra A is specified by a choice of a Y-seed (y,B) in a
semifield P. Let 7 = QP(x1, ..., x,) be the field of rational functions in commuting
independent variables 1, ..., x, over the quotient field QP of the integer group ring
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ZP of the multiplicative group P. Then each ¢ and t as above gives rise to a cluster
variable x¢y € F given by

B;t ~ ~
F[;t 0|.7:(y17 oo 7yn) g1

B; xl ...l'g"’
Fz;tt0|P(y17---7yn) !

(214) Tyt =

where (g1,...,9n) = gff“, and the elements ¢, ...,9, € F are given by

A bi]‘
(2.15) Yi =Yj | | Ty
%

Furthermore, all cluster variables are of this form, and A is the ZP-subalgebra of
F generated by all the xy..

3. F-POLYNOMIALS OF QUIVER REPRESENTATIONS

In this section we use the terminology on quiver representations from the intro-
duction. We work with a quiver @ = Q(B) (see (L4))). Our goal is to develop some
basic properties of the F-polynomial Fys(u1,...,u,) associated to any representa-
tion M of @ in accordance with (L6).

Proposition 3.1. Each polynomial Fas(uy, ..., u,) has constant term 1. Further-
dim M (i) . .
with coefficient 1, and

%

more, Far(u,...,u,) contains the monomial [, u
it is divisible by all the other occurring monomials.

Proof. Tt is enough to notice that, for e = (0,...,0) or e = djs (see ([H)), the
quiver Grassmannian Gre(M) consists of one point. O

Proposition 3.2. For all representations M’ and M" of Q, we have
(3.1) FM/@M// = F]\/[/FM//,

Proof. We use the following well-known property of the Euler-Poincaré character-
istic: if a complex torus T acts algebraically on a variety X, then y(X) = x(X7),
where X7 is the set of T-fixed points (see, for example, [2]). Take X = Gre(M’' @
M), and consider the action of T = C* on X induced by the T-action on M’ & M"
given by
t-(m',m")y=({tm',m") (m' e M, m"eM").

Then a point N € X is T-fixed if and only if the submodule N C M’ @& M" splits
into N = N’ ® N” for some N’ C M’ and N” C M". Thus, we have

XT= || (Gre(M')x Gre(M")),
e'+e'’'=e

and so
V(Gre(M & M) = 3 x(Gra (M)x(Gren (M")),

e'+e''=e
implying (B)). O

To state our next result, we recall the maps oy, and Sy in (LI0) (the map ~; is
undefined for arbitrary quiver representations). We will denote these maps ay. s
and B, if necessary to stress the dependency of a representation M. We denote
by hys = (hi,..., hy) the integer vector given by

(32) hk = hk(M) = — dimker Bk;M-
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Now assume that Fjs belongs to Qs¢(uy,...,u,) (the semifield of subtraction-
free rational expressions), hence can be evaluated in an arbitrary semifield] (see
the discussion after Proposition [Z2]). The definition ([B2)) is then justified by the
following analog of (2.9]).

Proposition 3.3. Under the assumption that Fyr € Qge(ug, ..., uy,), the compo-
nents of the vector hy; appear as the exponents in the tropical evaluation

(3.3) o ghe = FM|TYOP(I1’,.,’%)($;1 ngfb“]* — ug).
JFi
Proof. First we give a general lemma following easily from the definition of a tropical

semifield (see ([2.8)).

Lemma 3.4. If F(uy,...,uy,) is a Laurent polynomial belonging to Qst(u1, ..., uy),
then the result of any evaluation of F' in a tropical semifield does not change if we
replace F' with the sum of the terms (taken with coefficient 1) corresponding to the
vertices of its Newton polytope.

Now suppose that N € Grg(M), i.e., that N is a subrepresentation of M with
dy = e. Then the exponent of x; in the tropical evaluation

er en — —bji
(Ut =) tvop(er,. ey (@ 27 = wy)
J#i
can be rewritten as
—er+ Y [~brilpei = —ex+ »_[biklse; = dim Ny (k) — dim N (k)
i#k i#k
(we used the fact that B is skew-symmetric). Note that

dim Ny (k) — dim N (k) > dim B(N (k)) — dim N (k)
= —dim(N(k) N kerBx)
> —dimker 8 = hy.

In view of Lemma [3.4] this implies that h; does not exceed the exponent of xj, in
the right-hand side of (B3)).

Now take e = —hye, (recall that ey stands for the k-th unit vector in Z"),
and notice that Gre(M) consists of one point N (with N(i) = {0} for ¢ # k, and
N(k) = ker ), and that e is obviously a vertex of the Newton polytope of Fy;.
This implies that the exponent of zj, in the right-hand side of (33) does not exceed
hy, completing the proof of Proposition [3.3] O

Proposition 3.5. Suppose that @ is a quiver with no oriented cycles and that
M is a general representation of dimension d = (d1,...,d,). Then every quiver
Grassmannian Gre(M) is smooth. In particular, this is the case if M is rigid, that
is, Ext'(M, M) = 0.

This proposition follows from the results of Schofield ([I8] §3]). For the conve-
nience of the reader we give an outline of the proof.

It is conceivable that this condition holds for arbitrary quiver representations.
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Proof. If M is a representation with dimension vector d, then we may identify M (¢)
with C% by choosing a basis in M (i) for all i. Then M is represented as an element

(anr)acq, € Repg(Q) := [ E™exde.
a€Qq
The group GLg = [[;-; GLq4,(C) acts on Repyq(Q) by base change. This way,
isomorphism classes of d-dimensional representations correspond to GLg-orbits in
Repqy(Q). For a dimension vector e = (eq,...,e,), let

Ze.a € Repg(Q) x [ [ Gre, (C*)
=1

be defined as the set of all (M, (N1, Na,...,N,)) for which aprs(Nia) C Ny, for
all @ € Q1. We have natural projections p : Zea — Repq(Q) and ¢ : Zea —
[T, Gre,(C%). One can show that the projection ¢ makes Z¢q into a vector
bundle over the product of Grassmannians; hence Z g is smooth. Now the quiver
Grassmannian Gre (M) is equal to the fiber p~(M). If M is a general representation
of dimension d, then the fiber p~1(M) is smooth by the second Bertini Theorem
([20, Chapter II, §6.2, Theorem 2]). O

If @ is a quiver without oriented cycles, and M is indecomposable and rigid,
then all the quiver Grassmannians are smooth by the proposition above. It was
shown in [7] S}E that the F-polynomial of M has nonnegative coefficients in this
case. The next two examples show that, in general, the coefficients can be negative,
and the quiver Grassmannian may be singular.

Example 3.6. Consider the quiver @) given by
a1,a2,03,a4

| ==2

and let M be a general representation of ) of dimension d = (3,4). The arrows
ai,...,aq act in M as four linear maps C> — C* in general position. Choose
e = (1,3). Since M is in general position, Gre(M) is smooth by the discussion
above. Now the first projection Gre(M) — Gr1(C3) = P? identifies Gro(M) with
the projective curve C given by the equation

det(ai(m), as(m), az(m), as(m)) =0 (m € C?).

Since C is a smooth curve of degree 4, it has genus ¢ = (4 — 1)(4 — 2)/2 = 3 and
Euler characteristic 2 —2g = 2 —2-3 = —4 (see [20, Chapter IV, 2.3]). So we have

X(Gre(M)) = —4.

Example 3.7. Consider the quiver @ given by
1
7N
3=y 2.

21t was pointed out in [I7] that the proof in [7] contains a gap.
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Let My, Ms, M5 be the indecomposable representations of @ of dimensions (0,1, 1),
(1,0,1), and (1,1,0), respectively, and M = M; & My @& Ms. It is immediate from
the definition (L6) that

Fyr, (ur,ug,uz) = 14 uz + ugus,

FMQ(ul,UQ,Ug) =1 + uy +’IL1U3,

FMg(ul,ug,ug) =1 + u + uiLuUg.
By Proposition B2, we have Fy; = Fyy, Far, Far,. In particular, the coefficient of
uyugug in Fyy is 4. Thus, x(Gr,1,1)(M)) = 4.

Geometrically this result can be seen as follows. The variety Gr(;11)(M) is a
subvariety in Gri(M (1)) x Gri(M(2)) x Gr;(M(3)) = P! x P! x P!. Let P =
(P(1),P(2),P(3)) € P! x P! x P! be given by

P(1) =keray =im cpr, P(2) =kerby =im aps, P(3) =kercy =im by ;

then Gr(y1,1y(M) consists of all points N € P! x P' x P! such that N and P have
at least two common components. Thus, Gr; 11)(M) is the union of three copies
of P! meeting at a single point P. In other words, Gr(y,1,1)(M) is the disjoint union
of three copies of Al and the single point {P}, so

X(Gre(N)) = 3x(A") +x({P}) =3-1+1=4.
Note that Gr(y 1 1)(M) is singular at P.

4. BACKGROUND ON QUIVERS WITH POTENTIALS AND THEIR REPRESENTATIONS

Let Q = (Qo, @1, h,t) be a quiver (see Introduction). We denote by R the vertex
span of @, that is, the commutative algebra over C with the basis {e; : i € Qo} and
multiplication given by e;e; = d; je;. The arrow span of @ is the finite-dimensional
R-bimodule A with the C-basis identified with @)1, and the R-bimodule structure
given by
(41) Ai,j = 6iA€j = @ Ca.

a:j—1
The complete path algebra of @ is defined as
R((A)) = [] A%~
d=0

Thus, the elements of R{{A)) are (possibly infinite) C-linear combinations of paths
in @; note that by the convention (1) all the paths are traced in the right-to-left
order. We view R{({A)) as a topological algebra with respect to the m-adic topology,
where the (two-sided) ideal m C R{(A)) is given by

(4.2) m =[] A%
d=1

A potential on @ is an element S € My = Gaier m,; ;, i.e., a possibly infinite
linear combination of cyclic paths in R{{A)). We view potentials up to cyclical
equivalence defined as follows: two potentials S and S’ are cyclically equivalent if
S — S’ lies in the closure of the span of all elements of the form a1 - --ag—as - - - aqa1,
where a; - --aq is a cyclic path.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



762 HARM DERKSEN, JERZY WEYMAN, AND ANDREI ZELEVINSKY

For any arrow a € @i, the cyclic derivative 0, is the continuous linear map
Meye — R((A))¢(a),h(a) acting on cyclic paths by

(4.3) Oulay -+ aq) = Z Gpt1 - Aga1 - Gp—1.

piap=a

The Jacobian ideal J(S) of a potential S is the closure of the (two-sided) ideal
in R((A)) generated by the elements 9,(S) for all a € Q1. We call the quotient
R{(A))/J(S) the Jacobian algebra of S, and denote it by P(Q, S) or P(4,S).
The cyclic derivatives of a potential S can be expressed in terms of another
important family of elements 0y, (S) € R((A)) associated with pairs of arrows
a,b € Q1 such that h(a) = t(b). Namely, the definition of a continuous linear map

8ba * Meye — R<<A>>t(a)vh(b)

is similar to (£3): replacing if necessary a potential S with a cyclically equivalent
one, we can assume that no cyclic path occurring in S starts with an arrow a; for
every such cyclic path a; - - - aq4, we set

(44) 8ba(a1 s (ld) = Z Ay41-°-AqQ71 - - Ay_—2.

via,_1=b,a,=a

An easy check shows that, for any b € @)1, we have

(4.5) Y a0w(S) = D 0a(S)-c=0a(S).

a:h(a)=t(b) c:t(c)=h(b)

A (decorated) representation of a quiver with potential (Q,S) (QP for short)
is a pair M = (M,V), where M is a finite-dimensional P(Q, S)-module, and V
is a finite-dimensional R-module. A more concrete description was given in the
introduction (see [9, Section 10]): V is simply a collection (V(7));eq, of finite-
dimensional vector spaces, while M = (M(%));cq, is a representation of () anni-
hilated by m? for N > 0, and by all cyclic derivatives of S. In view of ({&H),
the latter relations are equivalent to (L12)), where the map 74 in the triangle (L8]
is defined as follows: for each a,b € @ with h(a) = t(b) = k, the component
Yap © M(h(b)) — M(t(a)) of v is given by (LII). We can also express -y in
matrix form: set

(4.6) {a1,...,ary={a€Qq:h(a)=k}, {b1,...,bs} ={be€ Q1 :t(b) =k},

and let Hy(S) be the r x s matrix whose (p, ) entry is 0y q,5; then the action of
v in M is given by the matrix

(4.7) Ve = (Hr(S))nr-

In what follows, we refer to a decorated representation M = (M,V) of a
QP (Q,S) as a QP-representation. The direct sums and indecomposable QP-
representations are defined in a natural way. We say that M is positive if V = {0},
and negative if M = {0}. Thus, indecomposable positive QP-representations are
just indecomposable P(Q, S)-modules, while indecomposable negative QP-represen-
tations are negative simple representations S, for k € Qo defined as follows:

(4.8) S, (Q,8) = ({0}, V), dimV (i) = & .
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As in [9) Definitions 4.2, 10.2], we view the QPs and their representations up
to right-equivalence. Recall that the QPs (Q,S) and (Q,S’) on the same under-
lying quiver @ are right-equivalent if there is an automorphism ¢ of R((A4)) (as
an algebra and R-bimodule) such that ¢(S) is cyclically equivalent to S’. In view
of [9, Proposition 3.7], we then have p(J(S)) = J(S'); therefore, every P(Q,S)-
module M carries a structure of a P(Q,S’)-module (which we denote ¥ M) with
the “twisted” action of R((A)) given by

p(u)*m=um (u € R((A)), me M).
Now a QP-representation M’ = (M’ V') of (Q,S’) is right-equivalent to a QP-
representation M = (M, V) of (Q,S) if M’ is isomorphic to ?M as a P(Q,S’)-
module, and V' is isomorphic to V' as an R-module.
Let ¢ be an automorphism of R({A)) as above. Fix a vertex k € Qp, and use

the notation in (L6). We would like to express the matrix Hy(¢(5)) in terms of
H(S). As shown in the proof of Lemma 5.3 in [9], we have

(4.9) (pla) wlaz) - ¢la;) = (a1 a2 - a)(Co+Ch),
where:

e (y is an invertible r x r matrix with entries in C such that its (p, ¢)-entry
is 0 unless t(ap) = t(aq);
e () is an 7 x r matrix whose (p, g)-entry belongs to my(,,) ¢(a,)-

Similarly, we have

90(21) lb71
(4.10) 90(: ? = (Do + D) :2 ;
<P(b3) bs

where:
e Dy is an invertible s X s matrix with entries in C such that its (p, ¢)-entry
is 0 unless h(by) = h(by);
e D; is an s X s matrix whose (p, ¢)-entry belongs to My (b,),h(by)-
Note that both matrices Cy + C1 and Dy + D are invertible, and their inverses are
of the same form.
In the above notation, we claim that

(4.11) all entries of the matrix
Hi.(¢(5)) = (Co + C1) o(Hi(S5)) (Do + D1) belong to J(¢(S5))

(here the matrix ¢(H(S)) is obtained by applying ¢ to each entry of Hy(S)). As
a consequence, for the representation M’ = Y M as above, the corresponding map
Y}, 1s given by
(4.12) Ve = (Co + C1) a0y o (Do + D),
where (Cy+ C1) v (vesp. (Do + D1) ) is an R-bimodule automorphism of My, (k)
(resp. of Moy (k)). Note that [@I2) is the equality (10.16) in [9], while (@I1) is
implicit in the proof of this equality.

We now recall one of the main technical results of [9], the Splitting Theorem

([9, Theorem 4.6]). Let @ be a quiver without loops (but possibly having oriented
2-cycles). We say that a QP (Q,S) is trivial if S is a linear combination of cyclic
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2-paths, and J(S) = m; in other words (see [, Proposition 4.4]), the set of arrows
Q1 consists of 2N distinct arrows aq, b1, . ..,an, by such that each a,b, is a cyclic
2-path, and there is an R-bimodule automorphism ¢ of the arrow span A such that
©(S) is cyclically equivalent to ajby + -+ + ayby. We say that a QP (Q,S) is
reduced if S € m? (note that @ is still allowed to have oriented 2-cycles). Now the
Splitting Theorem asserts that

(4.13) any QP (@, S) is right-equivalent to the direct sum of a
reduced QP (Q, S)req and a trivial QP (Q, S)triv, each
of which is determined by (Q, S) up to right-equivlence.

We refer to (@, S)reqa as the reduced part of (Q,S). The operation of taking
the reduced part naturally extends to representations. Namely, if M = (M,V) is a
representation of (@, S), then M,q is obtained by transforming M into a represen-
tation (Y M, V) of (Q, S)rea®(Q, S)triv With the help of a right-equivalence in (@I3),
and then restricting the resulting representation to (@, S)rea (see [9, Definition 10.4]
for more details). By [9, Proposition 10.5], the reduction of representations is well-
defined on the level of right-equivalence classes.

Now everything is in place for introducing our main tool — mutations of reduced
QPs and their representations. Let (Q,.S) be a reduced QP and let k € Qg be a
vertex such that @ has no oriented 2-cycles through k. Following [9], we define
the mutation (Q,S) = ur(Q,S) at k as the reduced part (é,g)red, where the
“premutation” (@,g) = k(Q,S) is defined as follows. First, the quiver Q is
obtained from @ by the following two-step procedure:

Step 1. For every pair of arrows a,b € Q1 with h(a) = k = ¢(b), create a “com-
posite” arrow [ba] with h([ba]) = h(b) and ¢([ba]) = t(a).

Step 2. Reverse all arrows at k; that is, replace each arrow a with h(a) = k (resp.
each arrow b with ¢(b) = k) by an arrow ¢* with ¢(a*) = k and h(a*) = t(a)
(resp. b* with h(b*) = k and ¢(b*) = h(b)).

Second, the potential S on @ is obtained from S as follows: replacing S if necessary

with a cyclically equivalent potential, we can assume that no cyclic path occurring
in S starts and ends at k; then we set

(4.14) S =[5+ A,
where
(4.15) A= > [ba]a*b*,

a,beQq: h(a)=t(b)=k

and [S] is obtained by substituting [a,a,41] for each factor a,a,; with t(a,) =
h(ay+1) = k of any cyclic path ay---aq occurring in the expansion of S. As
shown in [9, Theorem 5.2], the right-equivalence class of 11 (Q,S) is determined
by the right-equivalence class of (Q,S); hence by (IJ), the same is true for
pe(Q,S) = (Er(Q,S))rea. Furthermore, by [0, Theorem 5.7], the mutation py
acts as an involution on the set of right-equivalence classes of reduced QPs; that is,
p2(Q, S) is right-equivalent to (Q, S).

Now let M = (M,V) be a QP-representation of a reduced QP (Q,S). Fix
a vertex k and let (Q,5) = fix(Q,9) and (Q,S) = uk(@,5) = (Q,5)rea. We
define the mutated QP-representation M = (M) of (Q,S) as the reduced part
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of the QP-representation M = Jix (M) = (M,V) of (Q,S) given by the following
construction (see [9, Section 10]).
First, we set

(4.16) M(i)=M(), V(@)=V(@E) (i#k),
and define the spaces M (k) and V (k) by

- keryy T o, Sy ker By,
(417)  M(k) = m By ®im 7 & ” oV(k), V(k) = Ker B A im ar

(sce (CR)). For every arrow ¢ of Q, the corresponding linear map cxr s M(t(e)) —
M (h(c)) is defined as follows.
We set ¢g; = e for every arrow ¢ not incident to k, and [ba|g; = barans for all

arrows a and b in Q with h(a) = k = ¢(b). It remains to define the linear maps
Qp : Miy(k) = Moui (k) — M(k), By : M(k) = Mou (k) = Min(k)

in the counterpart of the triangle (L)) for the representation M. We use the
following notational convention: whenever we have a pair U; C Us of vector spaces,
denote by ¢ : Uy — Us the inclusion map, and by 7 : Uy — Us/U; the natural
projection. We now introduce the following splitting data:

(4.18) Choose a linear map p : Moyt (k) — kery, such that pr = idier ~,, -
(4.19) Choose a linear map o : ker ay;/im i — ker oy, such that
w0 = idker ay, / im yy, -
Then we define:
—7p
(4.20) ay, = _g’“ . Be=(0 ¢ w 0),
0

As shown in [9, Propositions 10.7, 10.9, 10.10], the above construction makes
k(M) = (M, V) a QP-representation of (@, S ), whose isomorphism class does not
depend on the choice of the splitting data (I8)—ETI9), and whose right-equivalence
class is determined by the right-equivalence class of M. Furthermore, we have

(4.21) Vi = Bro
and
ki
(4.22) kerd@y, = im B, im @ = " @ im v, & {0} & {0},
im
= ki —
ker 3, = L ®{0}e {0} V(k), im B =keray

im Bk
(see [9, (10.25), (10.26)]).

Since, by the definition, the representation p;(M) of (@, S) is the reduced part
of M = Jij,(M) = (M, V), the right-equivalence class of 1;(M) is determined by
the right-equivalence class of M. Furthermore, in view of [9 Theorem 10.13], the
mutation uy of QP-representations is an involution:

(4.23) for every QP-representation M of a reduced QP (Q, S),
the QP-representation u2 (M) is right-equivalent to M.
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Since by construction, the mutations send direct sums of QP-representations to the
direct sums, (23] implies that (cf. [9, Corollary 10.14])

(4.24) any mutation pj sends indecomposable QP-represen-
tations of reduced QPs to indecomposable ones.

Now suppose that the quiver @ has no oriented 2-cycles, i.e., that it is of the
form Q(B) for some skew-symmetric integer matrix B (see (L4))). Then the mu-
tated QP pux(Q,S) = (Q,S) is well-defined for any vertex k and any potential S
on Q. However, the quiver Q may acquire some oriented 2-cycle, say involving ver-
tices i and j, which would make mutations p; and p; undefined for the QP (@, S).
Following [9], Definition 7.2], we say that a QP (Q, S) is nondegenerate if this does
not happen, and moreover if any finite sequence of mutations g, - - - ftg, can be
applied to (@, S) without creating oriented 2-cycles along the way. According to
this definition, the class of nondegenerate QPs is stable under all mutations. Fur-
thermore, according to [9, Proposition 7.1], mutations of nondegenerate QPs are
compatible with matrix mutations: if u(Q(B),S) = (Q,S), then Q = Q(ux(B))
with pg(B) given by (TI).

Finally we note that every quiver Q(B) has a potential S such that (Q(B),S) is a
nondegenerate QP. More precisely, in view of [9, Corollary 7.4], the nondegeneracy
of (Q(B),S) is guaranteed by the nonvanishing at S of countably many nonzero
polynomial functions on the space of potentials on Q(B) (taken up to cyclical
equivalence).

5. QP-INTERPRETATION OF g-VECTORS AND F-POLYNOMIALS

We retain all the notation and conventions of the preceding sections. To a QP-
representation M = (M, V) we associate the g-vector gy = (91,...,9n) € Z"
given by ([LI3]), and the F-polynomial Fy = Fs given by (L) (in particular, if
M is negative, then Fyy = 1). Note that ga = gy and Fay = Fa if M and
M’ are right-equivalent (for the F-polynomial, this is immediate from (L6]); for the
g-vector, this is a consequence of ([£12))). Note also that

(5.1) BMaM = BM + 8Mm
for any QP-representations M and M’ of the same QP.

Let B be a skew-symmetric integer n X n matrix, tg,t € T,, and £ € {1,...,n}.
Let @ = Q(B) and let S be a potential on @ such that (@, S) is a nondegenerate QP.

The main result of this section is a construction of a QP-representation M = ./\/lfgto

of (@, S) such that gy = gft;to and Fag = lei;to’ where the g-vectors gft;to and

0

F-polynomials F, ﬁ;t were introduced in Section

The family of QP-representations ./\/lffo is uniquely determined by the properties

([CI3) and ([I6). More explicitly, let

k
to k1 t ko P

ty=t
be the (unique) path joining ¢y and ¢ in T,,. We set
(Q(t), S() = pr, -+ 11, (@, 5),

which is well-defined because (@, S) is nondegenerate. Let S, (Q(t),S(t)) be the
negative simple representation of (Q(t),S(t)) at a vertex £ (see (£S)). Then we
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have
(5.2) MG = gy -, (S (Q(1), S(1)));

in view of (£23), replacing Mfgt" if necessary by a right-equivalent representation,
we can assume that it is a QP-representation of (@, S).

Theorem 5.1. We have

(5.3) g =gm, FS=Fu,

where M = Mf;to.

Proof. We deduce Theorem [5.1] from the following key lemma.

Lemma 5.2. Let M = (M,V) be an arbitrary QP-representation of a nondegen-
erate QP (Q(B),S), let M = (M,V) = (M) for some k € Q(B)o, and suppose
that the Y -seed (y', B1) in Qst(y1, ..., yn) s obtained from (y, B) by the mutation
at k. Let hy, (resp. hj,) be the k-th component of the vector hys (resp. hyp) given
by B2). Then the g-vector gam = (91, - .,9n) satisfies 2I2) and is related to the
g-vector gxr = (91,--.,95) via @II)). Furthermore, the F-polynomials Faq and
Fyt are related by

(5.4) (i + D™ Fag(y, -, yn) = (yh + D" gy, yh) -

Before proving Lemma [5.2] we first show how it implies Theorem 5.1l Let M =
(M, V) = M;". We prove (5.3) together with the equality

(5.5) hy = hy;"

(see (Z3)) by induction on the distance between ty and ¢ in the tree T,,. The basis
of induction is the case t = tg. By ([LIH), we have Mg;(t)o =S, (Q(B),S). The fact
that the g-vector and F-polynomial of this QP-representation agree with (Z.I]) and
[24) is immediate from the definitions, while both sides of (G.3]) are equal to 0.

Now assume that (5.3) and (5.5) are satisfied for some ¢ and ¢, and that to—£—t;
in T,,. In view of (I.I6), the QP-representation M = (M, V) in Lemma[5.2is equal
to Mg;tl, where B’ = ug(B). To finish the proof, it suffices to show that

B .
1) g =g

(2) Fﬂ _ F;il;tl;
(3) hgg = b2y
To prove (1), it suffices to observe that, by Lemmal5.2, the vector gz is obtained
from gaq by the same rule (ZI1) that expresses gf;t“tl in terms of gf;t‘t“. Then,
since by Lemma [5.2] the numbers h}, hy and g are related by (212]), we conclude
that A} is the k-th component of the vector hg;;tl. Next, using the latter claim, and
comparing (B.4]) with the relation (ZI3]) in Proposition [Z4] we obtain the proof of
(2). Finally, to prove (3) it is enough to apply Proposition B3] to the representation
M (note that in view of (2), the polynomial Fyz is a subtraction-free rational
expression, which makes Proposition applicable).
It remains to prove Lemma [5.2] which we accomplish in several steps.
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Step 1. We start by proving that the numbers A}, hi and gi in Lemma are
related by (2I2), which we rewrite as

—h;c =gk — hk
Remembering (8:2) and (LI3), we can rewrite this equality as
— ki
dim ker B, = dim ker y; —dim M (k) +dim V (k) +dim ker 8, = dim (Lg’“ @V(k)),
1m Og

which is immediate from ([@.22]).

Step 2. Our next target is the identity (&.4]). Suppose that N = (N(1),...,N(n))
€ [T, Gre,(M(4)), and let Niy(k) and Nou (k) be the corresponding subspaces of
My (k) and Moy (k), respectively. The condition that N € Gre(M) can be stated
as the combination of the following two conditions:

(5.6) cem(N(j)) € N(i) for any arrow ¢ : j — ¢ not incident to k in Q(B),

(5.7) 0 (Nin(8)) € N(K) € B (Nows (E)).

Now let € = (e;);2, denote the integer vector obtained from e by forgetting the
component e. For every such vector e’ and every pair of nonnegative integers r < s,
we denote by Ze ., s(M) the variety of tuples (N(i));2x satisfying the inclusions
E8) and ag(Nin(k)) € By ' (Nous(k)), and such that dim N (i) = e; for i # k, and

dim o (Nin (k) =7, dim B ' (Nowt (k) = s.

Let Ze. (M) denote the subset of Gre(M) consisting of all N = (N(1),..., N(n))
such that the tuple obtained from N by forgetting N (k) belongs to Zes . s(M).
Then Gre(M) is the disjoint union of the subsets Ze.. s(M) over all pairs (r, s), and

in view of (7)), each Ze..s(M) is the fiber bundle over Z.,. (M) with the fiber
Gre, —(C*77). Since x(Gre, —(C*™7)) = (SfTT), it follows that

G =3 (] = ().

Substituting this expression into (L)) and performing the summation with respect
to er, we obtain

(5.8) Frm(yn, - yn) = Z X(Zetir,s(M))yp(yx +1)°7" H Yi
e’,r,s i#k

The proof of (5.4) is based on the following observation:

(5.9) Ze’;r,S(M) = Ze’;F,E(M)>
where 7 and § are given by
(5.10) T = Z[bi,k]+ei —hy—s, S= Z[_bi,kh—ei - h;c -

3 7
In view of the symmetry between M and M, to prove (5.9), it is enough to show
that every (N(i))izx € Zer.r.s(M) belongs to Ze 75(M).
First of all, we need to show that 3,@x(Now (k)) € Nin(k), that is, the counter-
part for M of the inclusion ay(Ni,(k)) C ﬁk_l(Nout(k;)). As an immediate conse-
quence of [@20), we get fyar = —k. In view of (LII), each of the components
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of the map -, is a linear combination of compositions of maps of the kind cy,
or byrap (where a,b,c € @y are such that h(a) = ¢(b) = k, and ¢ is not inci-
dent to k); thus, the defining conditions (B.6]) and (57)) imply the desired inclusion
Y (Nout (k) C Nin(k).

To conclude the proof of (B3], it remains to show that
(5.11) dimay,(Now (k) =7, dimBj, | (Nin(k)) = 3.
To show the first equality, recall from ([@22]) that ker @y = im [y, implying that
dim @y, (Nous (k)) = dim Nous (k) /(Nous (k) Nim- By

= [binlre; — dim(Noy (k) Nim By).

Using the exact sequence
0 — ker By = B " (Nout (k) = Now (k) Nim B — 0,
we conclude that
dim(Noys (k) Nim By) = dim B (Nows (k) — dimker B, = s + .,

implying the first equality in (G.I1). The second equality can be shown by similar
arguments but also follows from the first one applied to M instead of M.

The rest of the proof of (5.4)) is straightforward: use (B.8) and (5.9) for rewriting
its right-hand side in the form

W+ D" Fg(hs - un) = We + D" Y X(Zerigs M) (i) (wi + DT [ [ ()7
e’,r,s i#k

then substitute for yj,...,y,, (resp. for 7 and 5) the expressions given by (ZI0)
(resp. by (B.10)), simplify the resulting expression, and use (5.8]) again to see that
it is equal to the left-hand side of (&.4)).

Step 3. To finish the proof of Lemma [5.2] it remains to show that the vectors gy
and gay are related by ([2.I1]). As shown in Step 1, we have g = hy — h},, implying
the equality g, = —gi.

Now let ¢ # k. Using (LI3), (B2), and the fact that the matrix B is skew-
symmetric, we can rewrite the desired second equality in (ZI1]) as

dimker y; — [by..;]+ dimker 3 = dimker ¥, — [b; ]+ dim ker 3.
Interchanging M and M if necessary, we see that it suffices to prove the following:

(5.12) if by ; > 0, then dimker?; = dimker ; — by, ; dim ker 3.

We first show that (BI2) holds if we replace the map 7; : Mout (i) = Min(4)
with its counterpart 7; : Moyt (1) — M, (¢) for the representation M = fix(M). We
decompose the space Moyt (i) as

Mout(i) = M(k)bkl S M(l)ut(i)’

where the first summand corresponds to the by ; arrows from ¢ to k. Accordingly,
we have

Mo (i) = Moye (k)50 @ M (i),  Min(i) = M(k) @ M, (i).
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Tracing the definitions, we see that the maps 7; : M (k)b @ M (i) — M, (i) and
Fi + Mows (B)bre @ M! (i) — M (k)¢ @ M, (i) can be written in the block-matrix

form as
) ~ ' 0
Vi = (¢oﬁ£’“ 77)’ = (afb n>

for some linear maps 1) and 7, where Bz’“’i and 62’” stand for the direct (diagonal)
sums of by, ; copies of the maps By : M (k) = Moy (k) and @y, : Moyt (k) — M(k).
Using the equality keray, = im S (22, it is easy to see that there is an exact
sequence

0 — (ker Bg)" @ {0} — kervy; — ker¥; — 0,
where the map ker~y; — ker¥; sends a pair (u,v) € kery; € M (k)% @& M! (i) to
( Zk’iu,v). We conclude that
dim ker7; = dim ker ; — by ; dim ker .
To complete the proof of (B.12]), it remains to show that
(5.13) dim ker7; = dim ker 7,.

In view of ({I2), dimkery; does not change if we replace (@,g) with a right-
equivalent QP. Thus, in proving (5.I3), we can assume that (Q,S) = (Q,S) @
(Q',S"), where (@', S") is a trivial QP. In accordance with this decomposition, we
can decompose the spaces Mi, (i) and Moyt (i) as

Min (i) = Min (i) © My (i), Mout (i) = Mous (i) ® My, (i),

where the spaces M/ (i) and Méut(l) correspond to the arrows from @'. Thus, 7;

has the following block-matrix form:

- (7 0
FY?’_<O L>7

M! (i) — MY, (i). This implies (5.13), which

where ¢ is a vector space isomorphism M,
completes the proofs of Lemma and Theorem .1 O

Theorem (.1l yields a formula for cluster variables in the coefficient-free cluster
algebra (that is, the one with the coefficient semifield P = {1}).

Corollary 5.3. Suppose that Fft;to # 1; hence the QP-representation M = ./\/lfgto
is positive (that is, M = (M,0)). Let x4, be the corresponding cluster variable in
the coefficient-free cluster algebra. Then x¢y is given by the formula

n iy n —rkvi+> . ([bi,j]+ej+[—bi,; dj—e;
(5.14) Tot = sz d; ZX(Gre(M)) H-Ti Yit+22; (i 5]+ [ 1+( ) :
i=1 e

i=1

where d; = dim M (7).
Proof. Tt suffices to rewrite (II3)) as

gi = dim Moy (i) — rky; — dim M (i) = Z[—bi,j]+dj —rky; —d;
J

and apply (2.14) and 2I5). O
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Remark 5.4. If the quiver Q(B) has no oriented cycles, then S = 0; hence v; = 0
for all 4. In this case (.14]) specializes to the Caldero-Chapoton formula for cluster
variables (see [6]) obtained in this generality in [7, Theorem 3].

Recall that the denominator vector of a cluster variable z with respect to the

initial cluster (x1,...,,) is the integer vector (d;(2),...,dn(z)) such that
P(z1,...,2,)
2=
.Iclll (z) . Izn(z)

where P is a polynomial not divisible by any z;. Conjecture 7.17 in [12] claims
that if z does not belong to the initial cluster, then the denominator vector of z is
equal to the multidegree of the corresponding F-polynomial. By Proposition B
and Theorem [5.I] this conjecture is equivalent to the equality

(in the notation of Corollary (£3). It was shown in [7], in the case where Q(B)
has no oriented cycles, that (B.I4) implies (BI50). A direct proof of this was given
in [15, Theorem 10]. In full generality, (515]) was disproved by a counterexample in
[13] (based on the ideas in [4]). Using Theorem .1l we obtain the following partial
result.

Corollary 5.5. In the notation of Corollary B3], we have the inequality
(516) di(,fg;t) S di .

Furthermore, a necessary condition for the equality in ([BI6) is the existence of a
quiver subrepresentation N of M such that

(5.17) kerv; € Nout (1), 7i(Nout(?)) = Nin(i) .
Proof. In view of (5.14]), we have
(5.18) di — di(xg;) = min(—rk; + > ([biglre; + [=bigl(d; —¢€))))

J

where the minimum is over all dimension vectors e such that x(Gre(M)) # 0. In
particular, Gre(M) must be nonempty; i.e., M must have a subrepresentation N
with e; = dim N (¢) for all 4. In terms of N, we have

Z[bi,jpej = dim Ny, (4), Z[—bi,jh(dj — ;) = dim My (i) — dim Ny (i) -

J J
Therefore,

—rkvy; + Z([bi,j]Jrej + [=bijl+(dj — €5))

= —rk; + dim Moy (4) + dim Ny, (4) — dim Noye (4)
= dim ker v; + dim Ny, (¢) — dim Nyt (7)

: ker 7 . Nin(4)
=dim ——  +dim —————
ker v; N Nout (Z) "Yi(Nout ('L))
making clear both assertions in question. O

Remark 5.6. A counterpart of Corollary in the context of 2-Calabi-Yau cate-
gories was obtained in [I3, Proposition 5.8].
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We conclude this section by applying the above results for an explicit construc-
tion of a special class of QP-representations corresponding to cluster variables. Let
T be a subset of vertices of @ = Q(B) such that the induced subgraph on T is
a tree; in particular, b, ; € {0,£1} for 4,5 € T, so inside T' there are no multiple
arrows. Without loss of generality, we can assume that T = [1,4] C [1,n] = Qo,
and that each ¢ € T is a leaf of the subtree of T on vertices [i, £]; in other words,
for each i € [1,¢ — 1] there is a a unique j € [i + 1,¢] connected by an edge with 3.
Let M = My be a Q-representation such that M (i) = C for i € T, M (i) = 0 for
i ¢ T, and ap : M(t(a)) = M(h(a)) is an isomorphism whenever h(a) and t(a)
belong to T'. The condition that T is a tree implies that M is a P(Q, S)-module for
any potential S (since every cyclic derivative 9,5 is a linear combination of paths
from h(a) to t(a), and every such path acts as 0 in M).

Proposition 5.7. Let to——t;—2— -t t, =t be a path in T,. Then
(5.19) M = (My,0) .

Proof. We need to show that the sequence of mutations g o --- o pp takes the QP-
representation (Mr,0) to the negative simple representation S, (see (LI%))). For
¢ =1, the representation M is just the (positive) simple module S;; using (@I7),
we see that the mutation p, turns it into S, . For ¢ > 1, again using ([@IT), we see
that the mutation pq turns My into My, where the tree T’ is obtained from T by

removing the leaf 1. The proof is finished by induction on /. (I
Corollary 5.8. In the situation of Proposition 5.7, the F-polynomial Fft;to 15 given
as follows:

(5.20) Fi(un,ovun) = 3 [T

Z ieZ

where Z runs over all subsets of T = [1, £] with the property thatif j € Z, theni € Z
for every arrow j — i in T. Furthermore, the denominator vector of the cluster
variable g, is the indicator vector of [1,£] (that is, d;(xe.) = 1 fori € [1,4], and
di(xe) =0 forie [l +1,n]).

Proof. By Theorem [5.I] and Proposition B.7, we have F, f;t” = Fir,.. The equality
(E20) is then immediate from the definition (LG): clearly, the quiver Grassmannian
Gre(Mr) consists of one point if e is the indicator vector of a subset Z as in (5.20);
otherwise Gre(Mr) = 0.

Turning to the denominator vector, in view of Corollary [5.5] it is enough to show
that d;(z) = 1fori € T. Fix a vertex ¢ € T, and let Z be the subset of all vertices
j € T that can be reached from i by a directed path in 7. Let N = @jEZ Mr(j).
Then N is a quiver subrepresentation of Mp. The fact that T is a tree implies
easily that N satisfies (517) (indeed, we have 7; = 0, Nous(i) = Moy (), and
Niy(7) = 0). Furthermore, N is the only element in its quiver Grassmannian, which

makes (BI7) not only necessary but also a sufficient condition for the equality
di(l‘g;t) = dZ(M) =1. U

Remark 5.9. The computation of the g-vector of My is more involved, since the
map -y; is not necessarily 0 if i ¢ T'. However, ; = 0 for ¢ € T’; hence for ¢ € T the
component g; of gffft“ isequalto [{j €T :i— j} — L
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6. MUTATIONS PRESERVE HOMOMORPHISMS MODULO CONFINED ONES

Let M = (M,V) and N = (N,W) be QP-representations of a reduced QP
(@,5). We fix a vertex k € Qo and assume that ¢ has no oriented 2-cycles
through k. Thus, the mutated QP (Q,S) = ux(Q,S) is well-defined, as well as
its QP-representations M = (M, V) = ux(M) and N = (N, W) = pui(N).

We abbreviate
M (k) = P M)
itk
and say that a homomorphism ¢ € Homg (M, N) is confined to k if p(m) = 0 for
me M (7(;\) Denote the space of such homomorphisms by Homg] (M, N). Restrict-
ing ¢ to M (k) yields a vector space isomorphism

(6.1) Homg](M, N) = Homg (coker ag,ar, ker B n).

The goal of this section is to prove the following proposition. It was already
established in [3, Theorem 7.1] but the present proof seems to be much simpler.

Proposition 6.1. The mutation uy induces an isomorphism
Homg (M, N)/ Hom{} (M, N) = Homg (M, N)/ Homl>) (M, N).
Proof. We can view a P(Q, S)-module M as a module over the subalgebra
PQ. 9= P PQ.9)i;
i,j#k

Clearly, M (k) is a P(Q, S); z-submodule of M, and so we have the restriction map

-~

p : Homg (M, N) — Homp(q,s) M(k), N(k)). Denote

fc,z;(
(M (k), N (k) :

p(ker a;nr) C ker ag;n, p(im Byar) C im Byn

Hom,, ¢, (M, N) ={p € Homp(q,s)

kK

As an easy consequence of the definitions, we have
E .
ker p = Homg](M, N), imp= HomQ(E)(M, N).
Thus, p induces an isomorphism

(6.2) Homg(M, N)/ Hom (M, N) = Homg, g (M, N).

Q(k)

Now recall from [9, Proposition 6.1, Corollary 6.6] that the mutation py induces
an isomorphism between P(Q, S); 7 and P(Q, S); 7. This isomorphism is explicitly
described in the proof of Proposit{on 6.1 in [9]: itypreserves all arrows not incident
to k, and it sends each product ba (for a an incoming, and b an outgoing arrow at k)
to the “composite arrow” [ba]. Identifying P(Q,S); ; and P(Q, §>E,E with the help
of this isomorphism, and recalling the definition of M in Section @] we see that the
P(Q, ?)@ﬁ—tnodule structure on M (k) becomes identical to the P(Q, S)z z-module

-~

structure on M (k). Furthermore, by [@22), we have keray, = im S, im (5, =

-~

ker o Therefore, the subspace Hom, ;. (M, N) C HOm'p(Q7s)];’I;(M(k), N(k)) gets

identified with Hom@(g) (M, N). This completes the proof of Proposition 6.1 O
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The isomorphism in Proposition [6.1] can be viewed as functorial in the following
way. Let C(Q,S) be the category whose objects are QP-representations of a QP
(Q,5), and the morphisms are given by

Home(q,5)((M, V), (N,W)) = Homg(M, N) ® Homg(V, W).

For a vertex k € Qg, let C[E](Q,S) be the quotient category of C(Q,S) with the
same objects and the morphisms given by
HomC(Q,S) ((Mv V)v (Na W))

Homy (M, N) & Homp(V, W) |

Homc[k](Q’s) (M, V), (N,W)) =

Proposition 6.2. The mutation puy induces an equivalence of categories
e €M(Q.8) = cM(@.5).
Proof. In view of ([6.2]), we have

Hom ((M,V),(N,W)) = Hom M,N).

CHI(Q.) o
It follows from the proof of Proposition [6.1] that the mutation at k gives rise to a
functor from CI¥) (Q,5) to C [k] (Q, S). The fact that this functor is an equivalence of
categories is a consequence of the following basic result in category theory (see [19]
Proposition 16.3.2]).

Proposition 6.3. Let C and C be categories, and suppose F : C — C is a functor
with the following properties:
(1) For every object M of C there is an object M of C such that F(M) is
isomorphic to M.
(2) For any pair of objects M, N of C, the functor F induces a bijection

Home (M, N) = Homg(FM, FN).

Then F is an equivalence of categories; i.e., there exists a functor G : C — C such
that the composition functors GoF and F oG are naturally equivalent to the identity
functors of C and C, respectively. O

Remark 6.4. The proof of Proposition is based on a strong version of the axiom
of choice (see [19] §3.1, Remark 16.3.3]): for any class of sets and any equivalence
relation on this class we can choose a representative in every class.

7. THE E-INVARIANT

Let M = (M,V) and N' = (N,W) be QP-representations of the same nonde-
generate QP (Q, S). We abbreviate

(7.1) (M,N) = dim Homg (M, N)
and
(7.2) di(M) =d;(M) =dim M(3), d; (M)=dimV (i),
so that the components of the g-vector g = (g1, -- -, gn) are given by
(7.3) gi = gi(M) = dimker v;.p — d;(M) + d; (M).
We now define the integer function
(7.4) EM(M,N) = (M,N)+> " di(M)gi(N)
i=1
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and its symmetrized version

(7.5) ESY™"(M,N) = E™(M,N) + E™N(N, M).
In view of ([LI7), the E-invariant of a QP-representation is given by
. Esym
(7.6) E(M)=E"M,M) = M

Now let pux(M) = M = (M, V) and p(N) = N = (N,W) be QP-representa-
tions (of the QP (Q,S) = ur(Q,S)) obtained from M and A by the mutation at
a vertex k.

Theorem 7.1. We have
(7.7) E™(M,N) = E™(M,N) = h(M)hy(N) = hi(M)hi(N).
In particular, EY™(M,N) and E(M) are invariant under QP-mutations; i.e.,
EXP (e (M), ik (N)) = B (M, N), - E(ur(M)) = E(M)
for any vertex k.
Proof. Our starting point is the equality
(7.8) (M, N) + dim(coker a.as) - hi(N) = (M, N) + dim(coker Q.37) hx(N) ,
obtained by combining Proposition 6.1l with (6] (and recalling the notation ([B:2])).
We claim that dim(coker ay;ys) and dim(coker a;, 57) are given by
(7.9) dim(coker ag,nr) = hi(M) + di(M) + di (M) — Z[—bi)k]eri(M)
i
and

(7.10) dim(coker ay.x7) = hi(M) + dp (M) + dp(M) = > [bi k] di(M) .
i
Note that (ZI0) follows from (79) by interchanging M with M, so it is enough to
prove (Z9). Using the equality ker ay,n = im B, 57 in [f22), we obtain
dim(coker ayar) = di (M) — 1k ag. s
= di(M) — dim M, (k) + dim(ker o, pr)
= dp(M) =Y _[=bi k] 4di(M) + 1k B57
= dp(M) = > [=bi g +d; (M) + dy (M) — dim(ker By.37)
which implies [T9)) in view of 2.
Using ([Z9) and (ZI0), we can rewrite (Z.8)) as follows:
(M,N) — (M, N) = dim(coker a,s) - hi(N) — dim(coker .37) hi(N)
= (he(M) + di.(M) + dy (M) — Z[_bi,k]+di(M)) “h(N)

— (hi(M) + di (M) + dy (M) = [bi i)+ di(M)) - hie(N) .

%
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In view of Lemma[5.2] we have hy(N) = hj(N) — gi(N), which allows us to rewrite
(T8) further as

(7.11) (M,N) —(M,N) — (hy(M)hy(N) — hy(M)hi(N))
= (O buadi (M) - (V) + (M) + i (FT) = D [bisl i (M) - o)

i
Comparing (CIT)) with the desired equality (), we see that it remains to show
that the right-hand side of ([.ITl) is equal to

Z(di(M)gi(N) — di(M)g;(N)).

Using the equality d;(M) = d;(M) for i # k, and the assertion (proved in Lemma
[£.2) that the transformation gx — gy is given by (ZI1), we obtain

Z(di(M)gi(N) —d;i(M)gi(N))
= (dp(M) + di(M)) - gu(N) + Y _ di(M) (bi hie(N) = [bi k] .96 (V)
itk
= (Z bikdi(M)) - h(N) + (di (M) + di (M) — Z[bi,k]eri(M)) “gk(N)

finishing the proof of Theorem [Tl d

Corollary 7.2. If M is obtained by a sequence of mutations from a negative QQP-
representation ({0}, V), then E(M) = 0. In particular, this is the case for any
representation Mf;to given by (B2]).

Proof. By the definition (II7)), we have E(({0},V)) = 0; hence E(M) = 0 as
well. (]

We conclude this section by one more invariance property of E(M). For a quiver
Q = (Qo,Q1,h,t), we denote by Q°P the opposite quiver (Qo,Q1,t,h) obtained
from @ by reversing all arrows. To distinguish the arrows of Q°P from those of
@, we denote by a°P the arrow of Q°P corresponding to an arrow a of Q. The
correspondence a +— a°P extends to an anti-isomorphism u — u°? of completed
path algebras R{{A)) — R({A°P)) (identical on the vertex span R). In particular,
every QP (Q, S) gives rise to the opposite QP (Q°P, S°P). By the definition (£3)
of a cyclic derivative, we have 0,opS°P = (9,S5)°P for any arrow a of Q. Thus,
J(S°P) = (J(S))°P. This implies that every QP-representation M = (M,V) of
(Q,5) gives rise to a QP-representation M* = (M*,V) of (Q°P,S°P) obtained
from M by replacing each space M (k) with its dual M (k)*, and setting (a°P)p+ =
(apr)* for any arrow a of Q.

Proposition 7.3. We have E(M*) = E(M) for any QP-representation M.
Proof. Using the notation in (T2)) and ([T3]), we can express g;(M) as

(7.12) gi(M) = dim Moy (i) — 1k Y30 — di(M) + d; (M),

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



QUIVERS WITH POTENTIALS I 777
and E(M) as
(7.13) E(M) = +Zdz M) =1k vinr — di(M))
=1

+ ) dia) (M)dyay (M) .

a€Q1

It remains to observe that passing from M to M* does not change any of the terms
in (TI3) (since Homger (M*, M*) is isomorphic to Homg (M, M), and v+ =
(Yizm)®)- O

8. LOWER BOUNDS FOR THE E-INVARIANT

Fix a QP-representation M = (M, V) of a reduced QP (@, S). The goal of this
section is to prove the lower bound ([LI8)) for E(M). Using the notation in (T2)),
we can state the result as follows (since M is fixed, we allow ourselves to skip
references to it in most of the formulas below).

Theorem 8.1. The E-invariant of a QP-representation satisfies
(8.1) E(M) > ) (dim(ker 3;) - dim(kery;/im ;) + d; (M) - d; (M)).
1€Q0o
Proof. The desired lower bound for E(M) follows from another one:
(8.2) E(M) > ) (dim(coker a;) - dim(ker a;/im~;) + di(M) - dj (M));
1€Qo
indeed, to deduce [BI) from (B2) it suffices to apply the latter bound to the dual
QP-representation M* and use Proposition [.3]

Substituting into ([82) the expression ([I3) for E(M), regrouping the terms
and Simplifying, we can rewrite it as follows:

(8.3) + ) dia) (M) - dyay (M)
a€Qy
- Z (d;(M)? + dim(coker a;) - dim(ker a;)) > Z rky; - rk ay.
1€Qo 1€Qo
We abbreviate

U = @ Home (M (i), M(i))
1€Qo
and define the subspaces Uy C Us in U by

(8.4) U = {(¥s : Min(3) = M(3))ieq, : im ¥; Cim ¢ for all 4},
Us = {(¢¥s : Min(3) = M(5))icq, : ¥ilkery) Cim ¢ for all 4}.

Now we can state the key lemma.
Lemma 8.2. There exist two linear maps
Homp (M, M) LN L I @bte Homg (M (h(b)), M (t(b)))

satisfying the following conditions:
(1) ker ® = Homg (M, M);
(2) im ® C Uy;
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(3) im ® C ker ¥;
(4) dim \P(Ul) > ZiEQo rk Yi - rk Q.

Before proving Lemma [B2] we show that it implies ([83]). By the definition of
Us, we have

dimUs = dimU — Z dim(coker ;) - dim(ker o;)
1€Qo

= Z dp(a)(M) - dy(a) (M) — Z dim(coker «;) - dim(ker o;).
a€Q: 1€Qo

1€Qo
By (1), we have
rk © = dim(Homp(M, M)) — dim(ker ®) = Y * d;i(M)* — (M, M).
1€Qo
In view of (2), the left-hand side of [83) is equal to dim(Uz/im ®). Now we use
(3) and (4) to conclude that
dim(Uz/im @) > dim(Us/(Uz Nker ¥)) = dim(¥(Us))
> dim(¥(U,)) > Z rk v, -tk o,
1€Qo
finishing the proof of (&3).
To complete the proof of Theorem BIlit remains to prove Lemma We define
the map ® by setting, for £ € Hompg(M, M),
(8.5) (&) = (i« Min(i) = M(i))icq, €U, mi = §ai — €.
Properties (1) and (2) from Lemma [8.2] are immediate from this definition.

The definition of ¥ requires some preparation. First of all, we identify the space

U with ¢, Home(M(t(a)), M (h(a))), so view ¥ as a linear map

¥ : (P Home(M(t(a), M(h(a))) = €D Home(M (h(b)), M(t(b))) -
a€Q1 beQ1
Now recall from [9, (3.2)] that each arrow a € Q)1 gives rise to a continuous linear
map
Aq : R{(4)) = R((4)) ® R((4)) ,
such that for every path a; ---aq we have
(8.6) Aylar---aq) = Z a1 Ap—1 Q apy1 a4 ;
pap=a
here we use the notation
R((4)) ® R((A)) = ] (4% @ A®n7) |
i,j>0
and the convention that if a; = a (resp. aq = a), then the corresponding term in

BE) is epq) ®az---aq (resp. a1 ---aqg—1®ey(q)). In particular, for every a,b € Q1,
we have

Aa(065) € RUA) 1ty h(a) @ RUA) ) () n(p)
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accordingly, we express A, (95) as

(8.7) Aa(@9) = u) @v) (") € RUA oy niay 089 € RUA) ttay mit) -

Now we define the component ¥y, , : Home (M (t(a)), M (h(a))) — Home (M (h(b)),
M(t(b))) of ¥ by setting

(8.8) Wy (1) = D (ugrd)ar 010 © (V57 ar -

We postpone the proof of property (3) in Lemma B2] that is, of the equality
W o ® = 0, until Section [[(} see Corollary and Remark [[0.3] below.

It remains to check property (4). We start with the following observation, which
is a direct consequence of the definitions: for every pair of arrows a and b, we have

(8.9) A, OpS = etp) ® 6h(a),t(b)8ba5 mod m@R((A» .

In view of (ILI1]) and (&), it follows that, for every n, € Homg (M (t(a)), M (h(a))),

the morphism Wy (7a) = On(a),t(t)Ma © Ya,p € Home (M (R(b)), M(t(b))) is a linear

combination of morphisms of the form ups 01, o vy with u € m, v € R{{A)).
Since m acts nilpotently on M, we have a descending filtration of R-modules:

M>o>mM>--->wm'M=0.
For p=0,...,£ —1, choose an R-submodule M) in M such that
mPM = M® @ mPti) .
For s € C*, define A(s) € Endr(M) as the R-module automorphism of M acting
on each M®) as multiplication by sP. This definition makes it clear that

(8.10) lim A(s) o ups 0 A(s) ™t =0
s—0

for each u € m.
Now for each s € C*, define the linear map

v = (U3%)) : U = @) Home(M (t(a)), M (h(a))) — D Home (M (h(b)), M(t(b)))
a b

by setting
U (1) = A(s) 0 Wy a(A(s) "L o ma).

Since U is obtained from ¥ by composing it with invertible linear maps on both
sides, we have rank ¥(*) = rank ¥ for all s € C*, and more generally, dim ¥()(U") =
dim W(U’) for any subspace U’ C U invariant under the automorphism (7,) —
(A(s)"1 on,). Note that the subspace U; C U given by (84) satisfies this condi-
tion; indeed, under the identification of U with @, Home(M (t(a)), M (h(a))), Us
identifies with @, Homc (M (t(a)), mM (h(a))).

Now consider the linear map v — lim,_,q U Since under the continuous
deformation the rank of a linear map depends semi-continuously on the deformation
parameter, we conclude that

dim ¥ (U;) > dim U O(0,);
to finish the proof of property (4) in Lemma [B2 it suffices to show that
(8.11) dim ¥ (1) = Zrk% ‘rk oy .
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In view of (8I0), each component \IIIS(Z of ¥ acts by

0
‘I’zg,g(%) = On(a),t(b)Ma © Va,b-

Using natural identifications
€D Home (M ((a)), M (h(a))) = @ Home (Min (i), M(i)) ,
€D Home (M (h(b)), M (¢(b))) = @D Home (Mou (i), M(i)) ,
b i

the operator ¥(©) translates into the direct sum of operators
U Home (M (i), M(i)) — Home Moy (i), M (i)
acting by

0
‘I’E )(m) =10 -

This description makes [8TIT) clear, finishing the proofs of Lemma and Theo-
rem [B11 O

The following corollary is immediate from (8I]).

Corollary 8.3. Suppose M = (M,V) is a QP-representation such that E(M) = 0.
Then for every vertex k we have:

(1) either M (k) = {0} or V(k) = {0};
(2) either ker 8, = {0} or im S5}, = ker .

Since F(M) is invariant under mutations, Corollary B3]implies that if F(M) =
0, then every QP-representation obtained from M by a sequence of mutations
satisfies the properties (1) and (2). The following example shows that the converse
is not true.

Let Q be the Kronecker quiver

a,b
1==2.

For every positive integer n, let M,, = (M,,{0}) be the indecomposable positive
QP-representation of (Q),0) such that M, (1) = M,(2) = C", and the linear maps
apg, and by, from M, (1) to M, (2) are as follows: ayps, = I is the identity map,
while bys, = J is the nilpotent Jordan n-block. Recalling (LI3]), we see that the
g-vector of M,, is equal to (n,—n). Also Homg (M, M,,) is naturally isomorphic
to the centralizer of J in End(C"™); hence we have (M,,, M,,) = n. Recalling (1),
we get

E(M,) = (M, M) + di(My,)g1(M,) + da(My)g2(M,) =n+n® —n?=n .

On the other hand, it is easy to see that M,, as well as all representations obtained
from it by mutations, satisfy properties (1) and (2) in Corollary B3] (in fact, every
representation obtained from M, by mutations is either right-equivalent to M,,,
or differs from it just by interchanging vertices 1 and 2).
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9. APPLICATIONS TO CLUSTER ALGEBRAS

Proof of Theorem [0l We fix tg,t € T,,, a skew-symmetric integer n x n matrix B,
and a nondegenerate potential S on the quiver Q@ = Q(B). Recall that in Theo-
rem [5.1] the g-vector gf;gt“ and the F-polynomial F, ﬁ;t” from the theory of cluster
algebras are interpreted as the g-vector g, and the F-polynomial F, associated
with the QP-representation M = ./\/lfgto of (Q,S) given by (5.2)).

Conjectures [[.1] and are immediate from this interpretation; see Proposi-
tion 31

Our next target is Conjecture Comparing the desired formula ([[3]) with
210D, we see that it is enough to prove the equality

(9.1) min(0, gx) = hs ,

where g and hy are given by (3] and ([B2), respectively. Substituting these
expressions into (@O and adding dim ker §j to both sides, we arrive at the equality

(9.2) min(dim(ker f), dim(ker v /im Sy) +d, (M)) =0 .

To finish the proof, it remains to observe that, in view of Corollary [[.2] the QP-
representation M satisfies properties (1) and (2) in Corollary B3] and that (@.2)
clearly holds for any representation with these properties.

Now we are ready to prove Conjecture[[L3l The key observation is that the above
argument proves the equality ([@.I]) not only for each representation /\/lf;t;lto but also
for the direct sum

M=M{P @ &M

(since M satisfies the assumption in Corollary [[2]). In view of Lemma[5.2 we have

gk = hi — hj,, where h}, = — dimker 3, is the k-th component of the vector hyz for
the QP-representation M = y,(M). Thus, (@) is equivalent to
(9.3) max(hy, hy,) =0 .

Suppose that hy = 0, that is, ker 8, = 0. Then the same property holds for each
direct summand M, = Mff”, implying that

ge(Mg) = —hi(Mg) >0

for all £ =1,...,n. This shows that the k-th coordinates of the vectors gﬁf“, ceey

gi;tto are nonnegative. If hj = 0, then the same argument shows that the k-th
coordinates of all these vectors are nonpositive, finishing the proof of Conjecture L3l

As for Conjecture [[L4] it is an easy consequence of the already proven Conjec-
tures and [[3] combined with the following observation already made in [12

Remark 7.14]:

(9.4) if g1,..., g, are sign-coherent vectors forming a Z-basis
in Z™, then the transformation (L3]) sends them to a Z-
basis in Z".

Indeed, to show that the vectors gﬁto, e ,gfif“ form a Z-basis of Z", proceed by

induction on the distance between to and ¢ in T,,. The basic step t = tg is clear
from (21)), and the inductive step follows from ([@.4]).
To finish the proof of Theorem [[7] it remains to prove Conjecture
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Lemma 9.1. For a QP-representation M = (M,V), the following conditions are
equivalent:

(1) M is negative, i.e., M = {0}.

(2) E(M) =0, and the g-vector gp = (g1,---,9n) S nonnegative.
Under these conditions, we have dimV (i) = g; for all i, so M s uniquely deter-
mined by its g-vector.

Proof. The only nontrivial statement is the implication (2) = (1). We have al-
ready established that the equality F(M) = 0 implies ([@.1]), so if g is nonnegative,
then hy = 0 for all k. Thus we have ker 3, = 0 for all k. It remains to observe that
the latter condition cannot hold for a nonzero nilpotent quiver representation M.
Indeed, if m*~'M # 0, and m*M = 0 for some £ > 1, then 0 # m‘~1M C @, ker By,
finishing the proof. O

Lemma 9.2. Let M and M’ be QP-representations of the same nondegenerate
QP, and suppose that M’ is mutation-equivalent to a negative representation. The
following conditions are equivalent:

(1) M is right-equivalent to M'.

(2) E(M) =0, and gpm = garr-

Proof. Again only the implication (2) = (1) needs a proof. Since E(M) =
E(M') =0, the already established formula (L3 shows that the g-vectors remain
the same under applying to M and M’ the same sequence of mutations. Since mu-
tations also preserve right-equivalence, in proving that (2) = (1) we may assume
that M’ is negative, in which case the statement follows from Lemma 011 O

Under the assumptions of Conjecture [LE] consider the QP-representations
M =Pmiieys, M = PMEre) .
iel iel’
In view of (BIJ), we have
B; B;
gM = Zaz‘gi;t’to = Zaigi;f" =8M -
iel iel’
Also we have E(M) = E(M’) = 0 since both M and M’ are mutation-equivalent
to negative QP-representations. By Lemma @2 M is right-equivalent to M’.

Because of the uniqueness of the decomposition into indecomposables, there exists
a bijection o : I — I’ such that Mfgt‘) is right-equivalent to M7 and a; = a;(i)

o(i);t"
for i € I. Thus we have
Bito _ _Bjt Bito _ B;t
it = 8ol Lt = Fo(yw
for all 7 € I, finishing the proofs of Conjecture and of Theorem [I.7] O

10. HOMOLOGICAL INTERPRETATION OF THE E-INVARIANT

Throughout this section we fix a quiver () without oriented 2-cycles and a
QP (@,S). Let M = (M,V) and N = (N,W) be two QP-representations of
(Q,S). Our aim is to associate to M and N a vector space ™ (M,N) such
that dim E™(M,N) = E™(M,N), the integer function defined in (Z4). It will
be more convenient for us to work with the “twisted” function EP™I(M,N) =
EW(N*, M*), where M* and N* are QP-representations of the opposite QP
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(Q°P, S°P) constructed before Proposition [[3l Clearly, we have (N*, M*) =
(M, N), implying

(10.1) EPOI (M N) = (M,N) + > ge(M*)dg(N).
k€Qo

We turn to the construction of a vector space £P* (M, N) such that
(10.2) dim EPI(M, N) = EP™I (M, N).

Let P(Q,S) be the Jacobian algebra of (Q,S) (see Section 2]). In the rest of the
section we assume that

(10.3) the potential S belongs to the path algebra R({A), and
the two-sided ideal Jy in R{A) generated by all cyclic
derivatives 9,5 contains some power m” .

(Recall that in our general setup, S belongs to the completed path algebra R{{A)),
and the Jacobian ideal J of S is the closure of Jp in R({A)).) Under this assumption,
the Jacobian algebra P(Q,S) = R((A))/J is identified with R(A)/Jy, and it is
finite-dimensional. In this situation, all the P(Q, S)-modules considered below will
be finite-dimensional as well.

For every vertex k € Qg let P, denote the indecomposable projective P(Q, S)-
module corresponding to k. Recall that Py is given by

(10.4) P.= B PQ,S)ix
1€Qo
where the double Qp-grading on P(Q, S) comes from the R-bimodule structure (see
Section dl). In particular, each Py is finite-dimensional in view of (I0.3]).
To every (finite-dimensional) P(Q, S)-module M, we associate the sequence of
P(Q, S)-module homomorphisms

(10.5)
D Py © M((1) 5 @D (Pawy ® M(t(a)) S @D (Pe® M(k)) = M —0
beQ: ac€Qq kEQo

defined as follows. The P(Q, S)-module homomorphisms ev and ¢ are given by

(10.6) evip@m)=pm (p€ Py, me M(k))
and
(10.7) pp@m)=pa@m—p®ay(m) (p€ Pua), me M(t(a))),

while the component ¥q : Pypy @ M(h(b)) = Pha) ® M(t(a)) of ¢ is given by (in
the notation of ([87) and (8F))

(10.8) Yap(p@m) = Zpul(,yg ® (v((fg)M -m .

Proposition 10.1. The sequence [I0H) is exact.

Proof. As pointed out by the referee, this proposition follows from the results of [5].
For the convenience of the reader we present some details (also kindly provided by
the referee). To make our notation closer to that of [5], in the following argument
we denote the Jacobian algebra R(A)/Jy by A and rename Jy into I.
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The ring A is a bimodule over itself. If we splice the exact sequence [5], (1.4)] for
n =0 and n = 1 together, we get a bimodule resolution of A as follows:
I dz dD

(10.9) A® ® A A9AOA- L AoA A 0.
Im+m/

Here the tensor products are over R, and we have identified A with m/m?2. Note that
I/(Im+ml) is spanned by all partial derivatives of the potential. The differentials
dy and d; are given after (1.3) in [5]. Define

i R(A) — R(A) ® A® R(A)

by u(aias---ag) = Zle a1 ai—1 @ a; @ a;y1 - as (this map is denoted by A in
[5]). Then ds sends the residue class of an element 1 ® u ® 1 to u(w). The partial
derivative J¢ was defined for { € A* in [9, (3.1)]. By identifying A with A* using a
basis of arrows, we have defined 9 for an arrow b € A. We have a surjection
L1

Im+ml
defined by & — 0¢S + Im +m/. We can replace the module on the left in (I0.9) by
A ® A* ® A using (I0I0). Therefore, we have an exact sequence:

(10.10) A

(10.11) ARA*QA—=ARARA A®A A 0.

If we apply the functor e, M to (I0II]), we obtain (I0.0). Note that the sequence
remains exact after applying the functor, because ([IILIT) splits as a sequence of

right A-modules.
O

Corollary 10.2. The maps ® and ¥ given by B3 and BF)) satisfy the condition
Yod=0.

Proof. Note that, for every P(Q,S)-module M, a vector space U, and a vertex
k € Qq, there is a natural isomorphism

(10.12) Homc (U, M (k)) — Homp(q,s)(Pr @ U, M)
sending o € Home (U, M (k)) to the composed morphism

PoU Y PooMk) S M.

An easy check shows that the maps ® and ¥ are obtained from the maps ¢ and
given by ([0.7) and (I0.8) by applying the contravariant functor Homp g, g)(—, M)
and using the isomorphism in (I0I2). So the statement in question follows from
the exactness of (T0.5]). O

Remark 10.3. Corollary [[0.2is still true without the assumption (I03]). In the more
general case, the modules P; may be infinite-dimensional, but the composition po1)
is still equal to 0 in (IO.3]).

The sequence ([I0.H]) produces a presentation of the P(Q,S)-module M, which
can be rewritten as

(10.13) P (P ® Min(k)) > P (P @ M(k)) S M 0,
kEQo keQo
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where with some abuse of notation we use the same symbol ¢ for the leftmost map:
this map is now given by
(10.14)  p(p@m)= Y (pa®pry,ym)—p@ar(m) (p€ Py, me Miy(k))
h(a)=k

(here pry(4) stands for the projection Min(k) = @y, y)=, M (t(a)) = M(t(a))).

We claim that the presentation (I0I3]) can be truncated as follows. For every
k € Qo, choose subspaces U}, U}! C Miy,(k) and M () (k) C M (k) such that
(10.15)

ker(ay) = im(yx) @ U}, Min(k) = ker(ag) @ UY', M(k) = MO (k) @ im(ay),
and consider the projective P(Q,.S)-modules

(10.16) P'= @ (P @ker(ar)), P'= P (P.aUy),
k€Qo keQo
PO =P pal;), PO= @PeMOF).
keQo k€Qo

Proposition 10.4.

(1) For everyp' € P', there exists a unique p’ € P" such that p(p'—p") € PO,
The map @ : P’ — PO given by B(p') = o(p' — p") is a P(Q, S)-module
homomorphism.

(2) The restrictions of B to P and of ev to P°) make the sequence

(10.17) PO % pO) Y a0

exact, thus giving a presentation of M.

(3) The presentation (I0IT) is minimal; that is, the map @ : PY) — PO
induces an isomorphism P1) /mP®M) — im(®)/m im(@), where m is the
mazimal ideal in P(Q,S).

Before proving Proposition [[0.4] we use it to construct the space EP™I(M,N)
(for any QP-representations M = (M,V) and N' = (N, W) of (Q,S)) satisfying
(I02). Note that the P(Q, S)-module homomorphism % : P — P(©) in Proposi-
tion [[0.4] induces a C-linear map

a* : Homp(Qﬁ) (P(O), N) — Homp(st)(P(l), N)

We now define the space EP™I(M, N) as the cokernel of %*, that is, from an exact
sequence

(10.18)  Homp(g.s) (P, N) N Homp g 5) (P, N) — EPI(M,N) — 0.

Finally, we set

(10.19) EPOI(M,N) = EP™I(M, N) @ Homp(V, N) .

Theorem 10.5. The space EP*I (M, N) satisfies ([02); i.e., its dimension is given
by (0.1).

Proof. Using the presentation (I0.IT), we include (I0.I8)) into a longer exact se-
quence

(10.20) 0 — Homp (g 5)(M, N) — Homp(g s (P” (M), N)

— Homp g 5) (P (M), N) — EPI(M,N) -0 .
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Computing the dimensions of the terms in (I0.20]), we get
dim EP™I (M, N)
= (M, N) — dim Homp (g g)(P” (M), N) + dim Homp ¢ 5 (P (M), N)

ker(ay; M) _
= (M, N) ke% dim coker (v r) - di(N ke% dim — ) dp(N)
= (M,N)+ > (dim M, (k) — di(M) + tk(y01)) - dic(N)
k€Qo
= (M,N)+ Y (ge(M*) = d; (M)) - di(N)
k€Qo

(for the last equality, see (ZIZ)). Note that in view of (I0.12), Homp(q,g)(Pr, N)
is naturally isomorphic to N(k); hence dim Homp (g g)(Pr, N) = di(N).
To finish the proof of ([I02), it remains to note that

Homp(V,N) = € Home(V (k), N(k)),
k€Qo
implying
dim Hompg (V, N) Z d,
k€Qo
Thus,
dim EP (M, N) = dim EPI(M, N) + Y~ dy;
k€Qo
= (M, N)+ Y gu(M*)di(N) = EP (M, N)
k€Qo
by (I0.I)). O

Proof of Proposition 0.4 We start by showing that the map ev : P(©) — M is
surjective. This is a special case of the following lemma.

Lemma 10.6. Suppose n : K — L is a surjection of finite-dimensional P(Q,S)-
modules. Suppose that K = K' ® K" is the direct sum of two submodules, and that
n(K") CmL. Then n(K') = L.

Proof. Choose the direct complement L(®) to mL in L. Then L) generates L as a
P(Q, S)-module. Indeed, we have

L=mL+LO =m?L+mLO + O — ... = VL 4 VO ... 4 O

for each N > 0; choosing N big enough so that mV*1L = {0}, we see that L =
P(Q, S)L(O). This argument also shows that mL = mL(©).

Since 7 is a homomorphism of P(Q, S)-modules, to prove that n(K’) = L, it
suffices to show that L(®) C n(K’). Using the surjectivity of n : K — L and the
inclusion 7(K”) C mL©), we get

LO C p(K') 4+ mL® C n(K') + mn(K') + m?L® C ...
Cp(K") +mn(K') + - +mVp(K") + mN T LO = p(K) 4 mN 1 LO)
for each N > 0, implying as above that L(® C n(K"). d
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Now the fact that ev(P(®)) = M follows by applying Lemma to the map
ev 1 Pyeq, (P ® M(k)) — M in place of ) : K — L, and to the submodules K’
and K given by

(10.21) K'=PO  K'= @ (P ®im(a)).
keQo
Continuing the proof of Proposition [[0.4] we adopt the notation in (I0.I6) and
(I0:2T)), thus viewing ¢ as a homomorphism of P(Q, S)-modules P’®P" — K'®&K".
We write ¢ as o) + ¢ in accordance with the decomposition in (I0.14). The
following properties are immediate from (I0.14]):

(10.22) ©©|p = 0, while the restriction of ¢(®) to P” is an
isomorphism between P” and K";
(10.23) im(e™M) C m(K' @ K").
We claim that these properties imply the following;:
(10.24) K" CmK' + o(P");
(10.25) K'np(P") ={0};
10.26 the restriction of ¢ to P” is injective.
(10.26) @ Y

Note that these facts imply Part (1) of Proposition [0:4l Indeed, by (I0.24) and
([I028), we have
(10.27) K @ K" =K' & o(P").

This allows us to define the map @ : P’ — K’ = P as the composition pry o,
where pry is the projection of K’ @ K" onto K’ along ¢(P"). Using (I0.20), we
see that P is exactly the map in Part (1) of Proposition [[04] (the fact that @ is a
P(Q, S)-module homomorphism is obvious since so are ¢ and pry).

To prove ([{0.24]), we use ([[0.22)) and ([I0.23)) to get
K" = cp(o)(P") C (p(l)(P”)—i-(p(PN) ng/—l-(p(P//) —|—mK”
CmK' + o(P") + m(mK' + ¢(P") + mK") C mK' + o(P") + m*K".
Iterating, we see that K” C mK' + o(P") + mN K" for all N > 1, implying the

desired inclusion (I0.24).
To prove ([I0.25) and ([I0.26), suppose that ¢(p”) = k' for some k¥’ € K’ and

p” € P". Using (I0:22) and (I0:23), we see that
K — L)0(0)(])//) — (P(l)(p//) c m(K’ @ K”),

implying that & € mK’ and ¢ (p”) € mK”. Once again applying ([[0.22), we
conclude that p” € mP”. Iterating this argument, we conclude that &’ € m" K’
and p” € mVP” for all N > 1; hence ¥’ = p” = 0, implying both (I0.25) and
(I0:24).

Turning to the proof of Part 2 of Proposition[I0.4] we first show that the sequence
(10.28) PAEK SM=0
is exact. The surjectivity of ev : K/ — M is already proved above, so (using the
exactness of (I0I3])) it remains to show that G(P’) = (P’ @ P"”) N K’; but this is
immediate from the definition of .
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To prove Part 2, it remains to show that the restriction of the map @ : P/ — K’
to the submodule P C P’ has the same image as 3. Note that P’ = P @ PJ,

where
P = @ (Pr @ im(yz)).
k€Qo
By Lemma [I0L6] it is enough to show that
(10.29) B(P]) € mp(P).

It follows easily from (I0.27) that
mp(P) =m(p(P' & P")NK') =mp(P' & P")NK'
and also that
p(P') = oM (P") Cm(K'® K") = mK' & mp(P"),
implying the inclusion @(P]) C ¢(P; ® mP”). We see that the desired inclusion
(I029) is a consequence of the following:
(10.30) o(P!) C mp(P' © P").

To prove ({030, it suffices to show that p(er ® vx(m)) € mp (P’ @ P") for every
m € M(h(b)), where b is an arrow with ¢(b) = k. But this follows from the exactness
of the sequence ([I0.0) (more precisely, from the fact that im(¢)) C ker(y)), since in
view of (89) we have

(10.31) er @ Ye(m) = (e @ m) mod m(P' & P”) .

This concludes the proof of Part 2 of Proposition [[0.4]
To prove Part 3, note that (I0.31]) implies the inclusion

ker(p) = im(¢p) C P + m(P’ & P").

Now suppose that p € P® is such that @(p) € F(mP™M). Remembering the
definition of 3, we conclude that

pemPY £ P 4 ker(p) CmPY @ Pl @ P".
Therefore, p € mP(1), finishing the proof of Proposition [0l O

Remark 10.7. The presentation (I0.I7) is minimal by part (3) of Proposition [[0.41
Minimal presentations are unique up to isomorphism. One can show that, up to an
isomorphism, the presentation (I0.I7) does not depend on the choice of splitting

subspaces in ([0.15).

Remark 10.8. To emphasize the dependence of indecomposable projective modules
Py, (for k € Qo) on the underlying QP (Q, S), we will denote them by P, = P,(Q, S).
The indecomposable injective P(Q, S)-modules I = Ix(Q,S) can be defined by
going to the opposite QP:

(10.32) I(Q, S) = (Pu(Q°P, S°P))*.

By this definition, there is a duality between projective and injective P(Q,.S)-
modules: every exact sequence involving the modules Py gives rise to the exact
sequence (with the arrows reversed) involving the I;. In particular, the presentation

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



QUIVERS WITH POTENTIALS II 789

([I0T10) gives rise to a “co-presentation”
0— M= P (I @ ker(B)*) = @D (I @ Up),
k€Qo k€Qo

where Uy, is a direct complement of im(f8y) in ker(~y).

Recall that EPOI(M, N) is defined in (I0IY). We also define EM™(M,N) =
EPTOI(N* M™).
Corollary 10.9. We have the following isomorphisms:
(10.33) EPPI(M,N) = Hompq,s)(N,7(M))*,
(10.34) EM(M,N) = Hompq,s) (T (N), M)*,
where T is the Auslander-Reiten translation functor (see, e.g., [I, Section IV.2]).

Proof. For this proof we will rely on the book [I]. We should point out that the
authors of [I] use the convention that all modules are right modules unless stated
otherwise, where we assume modules to be left modules by default. Let v be the
Nakayama functor (see [I, Section III, Definition 2.8]) from P(Q,S)-modules to
P(Q, S)-modules defined by

v(M) = Homp(q s)(M,P(Q,5))".
This functor has the property that

V(Pk) = Ik
for every vertex k. In particular, we have an isomorphism
(10.35) Homp (g, 5)(P, M) = Homp g g)(M,v(P))*

for every projective module P (see [I, Lemma 2.1]). Consider the minimal presen-
tation (IO.I7). It follows from [I, Section IV, Proposition 2.4] that the sequence

(10.36) 0= 7(M) = v(PY) = »(P©)
is exact. If we apply Homp g g)(N,-)* to (I0.3G), then it follows from (I0.33]) that
(10.37)

Homp(QS)(P(O), N) — Homp(Qﬂ) (P(l), N) — Homp(st)(N, T(M))* — 0

is exact. It follows from (I0.20) that EP™I(M, N) = Homp(q,5) (N, 7(M))*.
We have 7(N*) = 771(N)*. So it follows that

EM(M,N) = EPI(N*, M*) = Homp(q,s)er (M*, 7(N*))*
= Homp q,5)00 (M*, 771 (N)*)* = Homp g g) (77 (N), M)*.
O

Remark 10.10. Auslander-Reiten duality states that Ext%;(Q,S)(M ,IN) is isomor-
phic to mp(Qﬂ)(M, N)*, where %’p(@vs)(M, N) is equal to Homp g g)(M, N)
modulo the morphisms that factor through injective modules (see [I, IV.2, Theo-
rem 2.13]). We may view Ext%;(Q,S)(M, N) as a subspace of EP™I (M, N). If M has
projective dimension < 1, then we have equality by [I IV.2, Corollary 2.14]. Sim-
ilarly, Ext%;(Q’S)(M, N) can be viewed as a subspace of £™ (M, N), with equality
when N has injective dimension < 1.
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